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Abstract. For a principal type pseudodifferential operator, we prove that condition implies local solvability 
with a loss of 3/2 derivatives. We use many elements of Dencker’s paper on the proof of the Nirenberg-Treves 
conjecture and we provide some improvements of the key energy estimates which allows us to cut the loss of 
derivatives from e + 3/2 for any e > 0 (Dencker’s most recent result) to 3/2 (the present paper). It is already 
known that condition (ijj) does not imply local solvability with a loss of 1 derivative, so we have to content ourselves 
with a loss > 1. 
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1. Introduction and statement of the results 

1.1. Introduction. In 1957, Hans Lewy [Lw] constructed a counterexample showing that very simple 
and natural differential equations can fail to have local solutions; his example is the complex vector field 
Lo = dx-^ + idx 2 + ^(^1 + tX 2 )dx 2 , ^nd one can show that there exists some function / such that the 
equation LqR = / has no distribution solution, even locally. A geometric interpretation and a generalization 
of this counterexample were given in 1960 by L.Hormander in [H2] and extended in [H3] to pseudodifferential 
operators. In 1970, L.Nirenberg and F.Treves ([NT2-NT3-NT4]), after a study of complex vector fields in 
[NTl] (see also [Mi]), refined this condition on the principal symbol to the so-called condition {"i/;), and 
provided strong arguments suggesting that it should be equivalent to local solvability. The necessity of 
condition [ip) for local solvability of pseudodifferential equations was proved in two dimensions by R.Moyer 
in [Mo] and in general by L.Hormander ([H5]) in 1981. The sufficiency of condition ('i/?) for local solvability 
of differential equations was proved by R.Beals and C.Fefferman ([BF]) in 1973; they created a new type 
of pseudodifferential calculus, based on a Calderon-Zygmund decomposition, and were able to remove the 
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Condition (')/’) 


analyticity assumption required by L.Nirenberg and F.Treves. For differential equations in any dimension 
([BF]) and for pseudodifferential equations in two dimensions ([LI], see also [L2]), it was shown more precisely 
that (f/') implies local solvability with a loss of one derivative with respect to the elliptic case: for a differential 
operator P of order m (or a pseudodifferential operator in two dimensions), satisfying condition (ip), / G 
the equation Pu = f has a solution u G In 1994, it was proved by N.L. in [L3] (see also [H8], 

[L8]) that condition {tp) does not imply local solvability with loss of one derivative for pseudodifferential 
equations, contradicting repeated claims by several authors. However in 1996, N.Dencker in [Dl], proved 
that these counterexamples were indeed locally solvable, but with a loss of two derivatives. 

In [D2], N.Dencker claimed that he can prove that condition {pj) implies local solvability with loss of 
two derivatives; this preprint contains several breakthrough ideas on the control of the second derivatives 
subsequent to condition (tp) and on the choice of the multiplier. The paper [D3] contains a proof of local 
solvability with loss of two derivatives under condition (tp), providing the final step in the proof of the 
Nirenberg-Treves conjecture; the more recent paper [D4] is providing a proof of local solvability with loss of 
e + I derivatives under condition pip), for any positive e. In the present article, we show that the loss can be 
limited to 3/2 derivatives, dropping the e in the previous result. We follow the pattern of Dencker’s paper 
and give some improvements on the key energy estimates. 

Acknowledgement. For several months, I have had the privilege of exchanging several letters and files 
with Lars Hormander on the topic of solvability. I am most grateful for the help generously provided. These 
personal communications are referred to in the text as [H9] and are important in all sections of the present 
paper. 

1.2. Statement of the result. Let P be a properly supported principal-type pseudodifferential operator 
in a C°° manifold A4, with principal (complex-valued)^ symbol p. The symbol p is assumed to be a C°° 
homogeneous^ function of degree m on the cotangent bundle minus the zero section. The principal 

type assumption that we shall use here is that 

{x, 0&T*{M), p{x,f) = 0^d^p{x,O^0. (1.2.1) 

Also, the operator P will be assumed of polyhomogeneous type, which means that its total symbol is 
equivalent to p -I- Pm-j, where pk is a smooth homogeneous function of degree k on T*(A4). 

Definition 1.2.1. Condition (tp). Let p be a C°° homogeneous function on T*(A4). The function p is 
said to satisfy condition (pj) if, for z = I or i, Im zp does not change sign from — to -I- along an oriented 
bicharacteristic of Re zp. 

It is a non-trivial fact that condition (pj) is invariant by multiplication by an complex-valued smooth 
elliptic factor (see section 26.4 in [H6]). 

Theorem 1.2.2. Let P be as above, such that its principal symbol p satisfies condition (pp). Let s be a 
real number. Then, for all x G M., there exists a neighborhood V such that for all f G there exists 

u G ^ such that 

Pu = f inV. 

The proof of this theorem will be given at the end of section /. 

Note that our loss of derivatives is equal to 3/2. The paper [L3] proves that solvability with loss of one 
derivative does not follow from condition fip), so we have to content ourselves with a loss strictly greater than 
one. However, the number 3/2 is not likely to play any significant role and one should probably expect a loss 
of l-|-e derivatives under condition (gp). In fact, for the counterexamples given in [L3], it seems (but it has not 
been proven) that there is only a “logarithmic” loss, i.e. the solution u should satisfy u G log {D^) . 

Nevertheless, the methods used in the present article are strictly limited to providing a 3/2 loss. We refer 
the reader to our appendix A.4 for an argument involving a Hilbertian lemma on a simplified model. This 
is of course in sharp contrast with operators satisfying condition (P) such as differential operators satisfying 
condition (p)). Let us recall that condition (P) is simply ruling out any change of sign of Im( 2 ;p) along the 
oriented Hamiltonian flow of Ke{zp). Under condition (P) ([BF]) or under condition (pj) in two dimensions 
([LI]), local solvability occurs with a loss of one derivative, the “optimal” loss, and in fact the same as for 

^Naturally the local solvability of real principal type operators is also a consequence of the next theorem, but much stronger 
results for real principal type equations were already established in the 1955 paper [HI] (see also section 26.1 in [H6]). 

^Here and in the sequel, “homogeneous” will always mean positively homogeneous. 
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djdxi- One should also note that the semi-global existence theorems of [H4] (see also theorem 26.11.2 in 
[H6]) involve a loss of l-fe derivatives. However in that case there is no known counterexample which would 
ensure that this loss is unavoidable. 

Remark 1.2.3. Theorem 1.2.2 will be proved by a multiplier method, involving the computation of {Pu, Mu) 
with a suitably chosen operator M. It is interesting to notice that, the greater is the loss of derivatives, 
the more regular should be the multiplier in the energy method. As a matter of fact, the Nirenberg-Treves 
multiplier of [NT3] is not even a pseudodifferential operator in the 1/2 class, since it could be as singular 
as the operator signllj;^; this does not create any difficulty, since the loss of derivatives is only 1. On the other 
hand, in [Dl], [L6], where estimates with loss of 2 derivatives are handled, the regularity of the multiplier 
is much better than 5'°^2 1/2 > since we need to consider it as an operator of order 0 in an asymptotic class 
defined by an admissible metric on the phase space. 

N.B. For microdifferential operators acting on microfunctions, the sufficiency of condition [ip) was proven 
by J.-M.Trepreau [Tr](see also [H7]), so the present paper is concerned only with the C°° category. 

1.3. Some notations. First of all, we recall the definition of the Weyl quantization a™ of a function 
a G 5(IR2"): for u G 5(IR”), 


{a^u){x) = II e^^-^^-yM^y,Ou{y)dy. 


(1.3.1) 


Our definition of the Fourier transform u of u G 5(]R") is u{^) = f e~‘^™^^u{x)dx and the usual quantization 
a{x,Dx) of a G 5(M^") is {a{x, Dx)u){x) = J e^™^^a{x,P,)u{SP)d(,. The phase space M” x is a symplectic 
vector space with the standard symplectic form 

[(a;, i), {y, v)] = y) - {v, x). (1.3.2) 

Definition 1.3.1. Let g he a metric on R^", i.e. a mapping X 1 -^ gx from R^" to the cone of positive 
definite quadratic forms on R^". Let M he a positive function defined on R^". 

(1) The metric g is said to be slowly varying whenever 3C > 0,3r > 0, VA, Y,T G R^”, 

gx{Y - A) < ^ C-^gviT) < gx{T) < CgyiT). 

(2) The symplectic dual metric g'^ is defined as (/^(T) = supg^((y)^i[T, f7]^. The parameter of g is de- 

1 /2 

fined as Ag(A) = miT^o{9x{T)/9x{T)) and we shall say that g satisfies the uncertainty principle if 

infx Xg{X) > 1. 

(3) The metric g is said to be temperate when 3C > 0, 3N > 0, VA, Y,T G R^", 

g^xiT)<Cg^{T){l+g^^{X-Y)f. 


When the three properties above are satisfied, we shall say that g is admissible. The constants appearing 
in (1) and (3) will be called the structure constants of the metric g. 

(4) The function M is said to be (/-slowly varying if 3C > 0, 3r > 0, VA, Y G R^”, 


gx{Y-X)<r^ 


c- 


< 


M(A) 

M{Y) 


< C. 


(5) The function M is said to be (/-temperate if 3(7 > 0, 3A > 0, VA, Y G R^", 


M(X) 

M(Y) 


<C(l + g^(X-Y)f. 


When M satisfies (4) and (5), we shall say that M is a g-weight. 

Remark. If (/ is a slowly varying metric and M is (/-slowly varying, there exists M* G S{M,g) such that 
there exists (7 > 0 depending only on the structure constants of g such that VA G R^", C~^ < ^l)x) Y C. 
That remark is classical and its proof is sketched in the appendix A.2. 
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Condition (')/’) 


Definition 1.3.2. Let g be a metric on K.^" and M be a positive function defined on The set S{M, g) 
is defined as the set of functions a € such that, for all I G N, sup^ \\a^'‘''{X)\\g^M{X)~^ < oo, 

where is the Lth derivative, ft means that VI G N, 3Ci,yX G VTi, ... ,Ti G R^", 

|a«(X)(Ti,...,T0| <QM(X) H gxiT,Y^\ 

i<i<i 


1.4. Partitions of unity. We refer the reader to the chapter 18 in [H6] for the basic properties of admissible 
metrics as well as for the following lemma. 

Lemma 1.4.1. Let g be an admissible metric on R^”. There exists a sequence (^fe)fcgN of points in the phase 
space R^" and positive numbers rg, lYg, such that the following properties are satisfied. We define Uk, U^, Uf* 
as the gk = gx^ balls with center X^ and radius ro,2ro,4ro. There exist two families of non-negative smooth 
functions on R^", (Xfc)feeN> (V’fc)feeN such that 

'^XkiX) = 1, suppxfc C Uk, ■0fc = 1 on Uk, suppV'fe C Uf*. 

k 

Moreover, Xk,'4>k G S{l,gk) with semi-norms bounded independently of k. The overlap of the balls Uf* is 
hounded, i.e. (\kcM^k* ® Moreover, gx ~ gu oil over U^* (i.e. the ratios gx(T)/gk{T) 

are bounded above and below by a fixed constant, provided that X G Uf*). 

The next lemma in proved in [BC](see also lemma 6.3 in [L5]). 

Lemma 1.4.2. Let g he an admissible metric on R^" and '^kXk{x,f,) = I be a partition of unity related to 
g as in the previous lemma. There exists a positive constant C such that for all u G L^(R") 

C* ^ ll^^llL2(Rn) < ^ lIXfc ^^llL2(Rn) < C ||M||2,2(Rn) , 
k 

where a™ stands for the Weyl quantization of the symbol a. 

The following lemma is proved in [BL]. 

Lemma 1.4.3. Let g be an admissible metric on R^", m be a weight for g, Uk and gk as in lemma l.f.l. 
Let (ofc) he a sequence of bounded symbols in S{m{Xk),gk) such that, for all non-negative integers l,N 

sup \miXk)-^a^\x)T^{l + gUX - Uk)f gkiT)-^^^\ < +oo. 
feeN.reK^" 

Then the symbol a = Ofc makes sense and belongs to S{m,g). The important point here is that no support 
condition is required for the Ok, but instead some decay estimates with respect to g'^. The sequence (ok) will 
be called a confined sequence in S{m,g). 

2. The geometry of condition (ip) 

In this section and also in section 3, we shall consider that the phase space is equipped with a symplectic 
quadratic form T (T is a positive definite quadratic form such that T = T®’, see the definition 1.3.1(2) above). 
It is possible to find some linear symplectic coordinates {x, £,) in R^" such that 

r(a;,0 = |(a;,0|2= ^ x^g+fl 

l<j<n 


The running point of our Euclidean symplectic R^” will be usually denoted by X or by an upper-case letter 
such as Y, Z. The open T-ball with center X and radius r will be denoted by B{X, r). 

2.1. The basic structure. Let q{t,X,K) be a smooth real-valued function defined on 5 = R X R2" X 
[l,-|-oo), vanishing for \t\ > 1 and satisfying 

V/c e N, sup ||9^g||p = yj, < -|-oo, i.e. q{t, •) G S'(A, A“^r), 

s > t and q{t, X,A) >0 q{s, X, A) > 0. 


( 2 . 1 . 1 ) 

( 2 . 1 . 2 ) 
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Notation. In this section and in the next section, the Euclidean norm is fixed and the norms of 

the vectors and of the multilinear forms are taken with respect to that norm. We shall write everywhere | • | 
instead of IHIp. Furthermore, we shall say that C is a “fixed” constant if it depends only on a finite number 
of 7 fc above and on the dimension n. 

We shall always omit the dependence of q with respect to the large parameter A and write q{t, X) instead 
of q{t, X, A). The operator Q{t) = q{t)^ will stand for the operator with Weyl symbol q{t, X). We introduce 
now for t gM., following [H9], 

X+(t) = Us<t{X G > 0}, X_(t) = Us>t{X G < 0}, (2.1.3) 

Xo(t) =x_(t)"nx+(t)", (2.1.4) 

Thanks to (2.1.2), X_|_(t), X_(t) are disjoint open subsets of moreover Xo(t),Xo(t) UX±(t) are closed 
since their complements are open. The three sets Xo(t),X±(t) are two by two disjoint with union (note 
also that X±(t) C Xo(t)UX±(t) since Xo(t)UX±(t) are closed). When t increases, X+(t) increases and 
X_(<) decreases. 

Lemma 2.1.1. Let {E, d) be a metric space, A C E and k > 0 be given. We define a,k(x) = n if A = 0 and 
if A we define '^a,k,{x) = min((i(x, A), k) . The function a,k is valued in [0, k], Lipschitz continuous 
with a Lipschitz constant < 1. Moreover, the following implication holds: Ai C A 2 C E ^Ai,k > 

Proof. The Lipschitz continuity assertion is obvious since x d{x, A) is Lipschitz continuous with Lipschitz 
constant 1. The monotonicity property is trivially inherited from the distance function. □ 

Lemma 2.1.2. For each X G the function t 'I'x_,.(t),K(-^) is decreasing and for each t G R, the 

function X is supported in X+(t)° = X_(t) U Xo(t). For each X G R^", the function 

t 1 -^ ^'x_(t),K(A') is increasing and for each t G R, the function X 1 -^ ^'x_(t),K(Al) is supported in X_(t)“ = 
X+(t) U Xo(t). As a consequence the function X 'I'x_^(t)^K(X)4'x_(t),K(X) is supported in Xo(t). 

Proof. The monotonicity in t follows from the fact that X+(t)(resp. X_(t)) is increasing (resp. decreasing) 
with respect to t and from Lemma 2.1.1. Moreover, if X belongs to the open set X±(<), one has d>xp(t),K(Ar) = 
0, implying the support property. □ 

Lemma 2.1.3. For k > 0,t G R, X G R^", we define^ 

ait,X,K) = (2.1.5) 

The function t a{t,X,K) is increasing and valued in the function X a{t,X,K) is Lipschitz 

continuous with Lipschitz constant less than 2; we have 

ait X k) = I ^ X+W; 

1 -min(|X-X+(t)|,K) ifXGX_{t). 

We have {X G R^", a(t, X, k) = 0} C Xo(t) C {X G R^", q(t, X) = 0}, and 

{X G R2”,±(7(t,X) > 0} C X±(<) C{X G R^”,±CT(t,X,K) > 0} 

C{X G R2”,±a(t,X, k) > 0} C {X G R^”, ±(?(t, X) > 0}. (2.1.6) 


Proof. Everything follows from the previous lemmas, except for the first, fourth and sixth inclusions. Note 
that if X G X+(t), a{t,X,K) = min(|X — X_(t)|,K) is positive (otherwise it vanishes and X G X+(t) n 
X_(t) C X+(t) n (X_(t) U Xo(t)) =0). As a consequence, we get the penultimate inclusions X+(t) C {X G 
R^”, a(t, X, k) > 0} and similarly X_(t) C {X G R^", a{t, X, k) < 0}, so that 

{X G R2", a{t, X, k) = 0} C X+(t)“ n X_(t)“ = Xo(t), 
giving the first inclusion. The last inclusion follows from the already established 

{X G R2", q{t, X)) < 0} C X_(t) c{XG R^”, a{t, X, k) < 0}. □ 


®When the distances of X to both X±(t) are less than k, we have a(t, X, u) = \X — X_(t)| — \X — X+(t)|. 
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Condition (tp) 


Definition 2.1.4. Let q{t,X) be as above. We define 

6o{t,X)=a{t,X,A^/^) (2.1.7) 

and we notice that from the previous lemmas, 16oit, X) is increasing, valued in [—satisfying 


\6o{t,X)-6o{t,Y)\<2\X-Y\ 


( 2 . 1 . 8 ) 


and such that 


{X G AT) = 0} C {a: G q{t, X) = 0}, (2.1.9) 

{X G ±q(^t, AT) > 0} C {a:, ±Soit, AT) > 0} C {AT, ±q{t, X) > 0}. (2.1.10) 

Lemma 2.1.5. Let f be a symbol in ^(A™, A“^r) where m is a positive real number. We define 

\iX) = 1 + ^max^(||/«(X)||f^). (2.1.11) 

jeN 


Then f G 5'(A™,A ^L) and the mapping from 5'(A™,A ^F) to S'(A™,A ^F) is continuous. Moreover, with 
2 

7 = maxo<3<2m , where the 7 , are the semi-norms of f, we have for all X G 

jeN 

1 < A(A:) < 1 + 7 A. (2.1.12) 

The metric A“^F is admissible(def. 1.3.1), with structure constants depending only on 7 . It will he called the 
m-proper metric of f. The function A above is a weight for the metric A“^F and will be called the m-proper 
weight of f. 

The proof of this lemma is given in the appendix A.3. 

Lemma 2.1.6. Letq{t,X) and Soit, X) be as above. We define, with (s) = (1 + s^)^/^, 

p{t,X) = {6oit,X))^ + \A^/^q’^it,X)\ + \A^/\'fixit,X)\fi (2.1.13) 


The metric p~^{t,-)T is slowly varying with structure constants depending only on a finite number of semi¬ 
norms of q in 5'(A,A“^F). Moreover, there exists C > 0, depending only on a finite number of semi-norms 
of q, such that 

p{t,X)<CA, ^^^<C{l + \X-Y\^), (2.1.14) 

fd{t,Y) 

and we have 

A^/^q{t,X) G S{p{t,Xf/\p-\t,-)T), (2.1.15) 

so that the semi-norms depend only the semi-norms of q in 5'(A, A“^F). 

Proof. We notice first that 

1 + max(|A^^^(jf(,f (t, Ar)|, \A^^‘^qxxitj -^)l^) 


is the 1-proper weight of the vector-valued symbol A'^/'^q'xit,-). Using the lemma A.2.2, we get that pT^T 
is slowly varying, and the lemma A.2.1 provides the second part of (2.1.14). From the definition 2.1.4 and 
(2.1.1), we obtain that p{t, X) < CA + AT))^ < C A and A^/'^q'xit, •) G S{p,{t, X), pL~^{t, •)F). 

We are left with the proof of \A^/‘^q(t,X)\ < CpA^'^(t,X). Let us consider 'fi(t,X) the 3/2-proper weight 
of A^I‘^q(t,X)-. 

fi{t,X) = 1-f ^.maxJA^/\(^)(t,A:)|^, 


where all the derivatives are taken with respect to AT; if the maximum is realized for j G {1,2}, we get from 
Lemma 2.1.5 and (2.1.15) that 


\A^/^q{t,X)\<fi{t,Xf/^ 


(1 -f max \A^/^q^^\t,X)\T^)i < (1 ■ 
1 = 1.2 


■ max u 
i=i,2 




)i<2p{t,Xf/\ 
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which is the result that we had to prove. We have eventually to deal with the case where the maximum in 
the definition of Ji is realized for j = 0; note that if X) < Co, we obtain 

\A^/\{t,X)\ < Ti{t,Xf/^ < < C^o^^fi{t,Xf^^, 

so we may also assume ]l{t,X) > Cq. If Cq > 1, we have Cq < Ji{t,X) = 1 + {X^/'^\q(t,X)\)i entailing 

{I - <\h^/\{t,X)\i <'il(t,X). 

Now if h G is such that \h\ < X)^/"^, we get from the slow variation of the metric n that 

the ratio Ji{t,X + h)/'jl{t,X) is bounded above and below, provided r is small enough. Using now that 
•) G •), •)r), we get by Taylor’s formula 

X + h) = X) + h^/'^q'{t, X)h + X)h'^ + O{')o\h\^/Q), 

so that 

K^/‘^\q{t,X + h)\ > Ai/2|g(t,X)| - 'jl{t,X)\h\ - - 73|/i|3/6 

> Ai/2|g(t, X)| - Jlit, X)3/2 (r + y + 73y) . 

=e{r) 

This gives A^^'^\q{t,X + h)\ > A^/‘^\q{t, X)\ — e{r)Jl{t, , lim^^o e(’’) = 0: so that, for small 

enough, 

\A^^\{t,X + h)\ > ((1 - C'o-i)3/2 - e{r))Jl{t,Xf/^ > ^Jlit,Xf/\ 

As a consequence, the F-ball B(^X,r'jl(t, Xy^"^) is included in X+(t) or in X_(t) and thus, in the hrst case 
(the second case is similar) jAi —X+(t)| = 0, [AT —X_(t)| > rJAt, Xy^, (otherwise |Ai —X_(t)| < ry{t,Xy/'^ 
and 0 yf B (a:, r/I(t, AT) p X_ (t) C X+ (t) n X_ (t) = 0), implying that, with a fixed ro > 0, 

So^t^X) > min(A^/^,r^(t, A:)^/^) > ro/i(t,X)^/2 > ro|A^/^g(t, 

so that, in both cases, \A^/'^q{t, X)\ < r()"^|(5o(t, Ar)|^ < fi{t, Xy/"^, qed. □ 

Lemma 2.1.7. Let q{t, X),So{t, X), X) be as above. We define, 

v{t, X) = {5o{t, X)y + \A^/\'x{t, X)^x(t, X)-^/yfi (2.1.16) 

The metric v~^{t, •)r is slowly varying with structure constants depending only on a finite number of semi¬ 
norms of q in S'(A, A“^r). There exists C > 0, depending only on a finite number of semi-norms of q, such 
that 

v{t,X)<2pi{t,X)<CA, ^-^^<C{l + \X-Y\y, (2.1.17) 

v{t,Y) 

and we have 

A^/\{t, X) G S{p{t, Xyl’^vit, X), v(t,-Y^V), (2.1.18) 

so that the semi-norms of this symbol depend only the semi-norms of q in S'(A, A“^r). Moreover the function 
p{t, X) is a weight for the metric vlf, •)“^r. 

Proof. Let us check the two first inequalities in (2.1.17). From |A^/^g'| < /i(t, X) < CA, established in the 
previous lemma, we get 

v{t, X) < {doit, X)y + Yt, X) < 2Yt, X) < 2CA. 

We introduce now the weight p^,{t,X) as in (1.3.3) so that the ratios y^*(t,X)//r(f, Jf) are bounded above 
and below by some constants depending only on a hnite number of semi-norms of q. That weight pLYt,X) 
belongs to SY,pL~Y) = Sip,^,, yLfY)- We notice first that 

<1 


\A^/Yqp:^'yY < 2|Ai/2gV:'/"P +Ci|Ai/2g;r-i|2 < C2|Ai/2gV-i/2|2 + Ci|Al/2g^-l/2| |A1/25^-3/2| 

<C2|ai/Va^-i/2|2 + C3|ai/V-'/"|. 



Condition (')/’) 


Since we have also"* 

^ |AV2,V-V2| < |AV2(,^:V2y| ^ |ai/2,^-1| 

< |AV2(<^^-V2y| + |AV2g^-3/2|l/2 |A1/2^;,;V2|1/2 

<1 


we get that 

v{t, a:) = 1 + max(|Ai/2g^(t, X)fj,{t, X)-^^‘^\'^,\A^^‘^q{t, X)fj,{t, X)-^^‘^\) (2.1.19) 

is equivalent to the 1-proper weight of the symbol X)^^,(t, X)~^/'^ in 5'(/x, /r“^r). As a consequence, 

from the lemma A.2.2, we get that iV + ((5o)^)~^r is slowly varying. 

We need only to -prove that 

|Ai/2g(t, X))fi{t, A:)-i/2| < Cvit, X). (2.1.20) 

In fact, from (2.1.20), we shall obtain v{t,X) < v{t,X) + {6o{t, X)y < {C + X) so that the metrics 
{ly + {So)‘^)~^T and v~^T are equivalent and thus both slowly varying (that property will also give the last 
inequality in (2.1.17) from Lemma A.2.1). Moreover, from Lemma 2.1.5, we have A^/^( 7 (f, Ar)/i*(t, G 

S(iy, so that 


{ ,,l-fc/2 

which implies that G S(iy, v 

get 


for fc < 2, since A^/^g/r* G S(y\ , v ^L) and v <v, 
t-k /2 k >2, since G S{^] M~^r) and v ^ qi, 

“^r); moreover, we have G v~^T) since, using v < qi, we 


entailing A^/^q G S{qL^^^i', V ^r), i.e. (2.1.18). On the other hand, a is slowly varying for v ^L, since 
|X - r| < v{t, Xfl^{< qtit, Xf/^) implies |A: - y| < /x(t, X)i/2 


and thus qL{t, X) ~ qL{t, Y), which proves along with (2.1.14) that qi is a weight for v~^T. 

Let us now check (2.1.20). This inequality is obvious if Note that if z7(t, AT) < 

Co, we obtain |A^/^g/x~^/^| < Co < Cqv so we may also assume v{t,X) > Cq. If Co > 1, we have Co < 
v{t,X) = 1-1- (A^/^|( 7 |/x“^/^) entailing 

(1 - Co“^)I?(t, X) < < D{t, X). 

Now if ft, G is such that |ft| < ri/(t, Ai)^/^, we get from the slow variation of the metric v ^L, that 
the ratio ft(t, X + ft)/ft(ft X) is bounded above and below, provided r is small enough. Using now that 
G S{v,v~^T), we get by Taylor’s formula 

A^^^q{t, X + h)qi^^^^{t, X + h) = A^/^g(t, X)qii^^^^{t, X) + e(r)ft(ft AT), lim e(r) = 0, 

r— 


so that, for r, Cq ^ small enough, 

\A^/\it,X + h)qi-^/\t,X + h)\ > ((l-Co-i)-e(r))ft(ftX)> ift(ftX). 

As a consequence, the L-ball B{X,rv{t, XY/"^) is included in X+(t) or in X_(t) and thus, in the hrst case 
(the second case is similar) |Ai — X+(t)| =0, \X — X_(t)| > rz7(t,X)^/^, implying that, with a hxed ro > 0, 

<5o(ft-A) > min(A^/^,rft(ftX)^/^) > roft(ft X)^/^ > ro|A^/^(7(<, X)/x(ft A:)“^/^|^/^, 

so that, in both cases, | A^/^(jf(t, Ar)^(t, Ai)“^/^| < Co|fto(ftAi)p < Cov{t,X), qed. The proof of the lemma is 
complete. □ 

We wish now to discuss the normal forms attached to the metric •)r for the symbol q{t, •). In the 

sequel of this section, we consider that t is fixed. 

^Below, the inequality a '^b means that a < Cb where C is a constant depending only on a finite number of semi-norms of 
q. The equivalence a b stands for o, '^b and b ^ a. 
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Definition 2.1.8. Let 0 < ri < 1/2 be given. With v defined in (2.1.16), we shall say that 

(1) F is a nonnegative (resp. nonpositive) point at level t if So{t,Y) > F)^/^, (resp. So{t,Y) < 

(2) F is a gradient point at level t if (t, F)/x(t, F)“^/^P > v{t,Y)lA and 6o{t,Y)'^ < F). 

(3) F is a negligible point in the remaining cases |A^/^( 7 y(t, F)^(t, F)“^/^P < i'{t,Y)/A and So{t,Y)^ < 
rlv{t, Y). Note that this implies v{t, F) < 1 + rfiyit, Y) + v{t, F)/4 < 1 + v{t, F)/2 and thus v{t, F) < 2. 

Note that if F is a nonnegative point, from (2.1.8) we get, for T G K^”, |T| < 1,0 < r < ri/4 

So(t, Y + Y)T) > ,5o(t, F) - F) > i") 

and from (2.1.10), this implies that g(t, X) > 0 on the ball i3(F, F)). Similarly if F is a nonpositive 

point, q{t,X) < 0 on the ball B{Y,rv^/'^{t,Y)). Moreover if F is a gradient point, we have |(fo(t, F)| < 
riv{t, F)^/^ so that, if F G X+(t), we have min(|F — X_ (t)|, A^/^) < riv{t, F)^/^ and if ri is small enough, 
since < A, we get that |F — X_(t)| < rii^(t,F)^/^ which implies that there exists Zi G X_(t) such that 
|F — Zi| < riiy(t, F)^/^. On the segment [F, Zi], the Lipschitz continuous function is such that So(t, F) > 0 
(F G X+(t) cf. Lemma 2.1.3) and So(t,Zi) < 0 (Zi G X_(t)); as a result, there exists a point Z (on that 
segment) such that 6o(t,Z) = 0 and thus q{t,Z) = 0. Naturally the discussion for a gradient point F in 
X_(t), is analogous. If the gradient point F belongs to Xo(t), we get right away q{t,Y) = 0, also from the 
lemma 2.1.3. The function 

/(T) = Y + ri^i/"(t, Y)T)fi(t, Y)-^l^v(t, Y)-^ (2.1.21) 

satisfies for ri small enough with respect to the semi-norms of q and cq, Cq, Ci, C 2 fixed positive constants, 

|r| < 1 , from (2.1.18), |/(T)| < |5 - r|Cori < C^r\, \f'{T)\ > nco, |/"(r)| < C 2 rl The standard 

analysis (see our appendix A. 6 ) of the Beals-Fefferman metric [BF] shows that, on B(Y,rii/^^‘^{t,Y)) 

q(t, X) = Yy^^it, Y)e(t, X)f}(t, X), (2.1.22) 

1 < e G 3(1, u{t, F)-ir), 13 G Siy, F)i/^ v(t, F)-ir), (2.1.23) 

Pit, X) = y, F)1/2(Xi + ait, X')), a G Syt, Yfl'^,vit, F)-ir). (2.1.24) 

Lemma 2.1.9. Let qit, X) be a smooth function satisfying (2.1.1-2) and let t G [—1,1] be given. The metric 
gt on is defined as i^it, X)~^T where v is defined in (2.1.16). There exists rg > 0, depending only on 
a finite number of semi-norms of q in (2.1.1) such that, for any r G]0,ro], there exists a sequence of points 
(Xk) in and sequences of functions ixk),iP’k) satisfying the properties in the lemma 1.4-1 such that 
there exists a partition of N, 

N = £1+ U E— U Eq U Eqq 

so that, according to the definition 2.1.8, k G E+ means that Xk is a nonnegative point, (k G E-.Xk 
nonpositive point; k G Eg.Xk gradient point, k G Eoo-’Xk negligible point). 

Proof. This lemma is an immediate consequence of the definition 2.1.8, of lemma 1.4.1 and of lemma 2.1.7, 
asserting that the metric gt is admissible. □ 

2.2. Some lemmas on functions. We prove in this section a key result on the second derivative f'f^^ 
of a real-valued smooth function fit, X) such that t — ifit, x, f) satisfies condition (^). The following claim 
gives a good qualitative version of what is needed for our estimates; we shall not use this result, so the reader 
may skip the proof and proceed directly to the more technical Lemma 2.2.2. 

Claim 2.2.1. Let /i ,/2 be two real-valued twice differentiable functions defined on an open set Lt of 
and such that /]“^(]Ry) C ff^iM.+ ) (i.e. fiix) > 0 f 2 ix) > 0). If for some lu G Tl, the conditions 
/i(w) = / 2 (w) = 0, dfiiio) 0, c?/ 2 (w) = 0 are satisfied, we have ffi^) >0 (as a quadratic form). 

Proof. Using the obvious invariance by change of coordinates of the statement, we may assume /i(x) = xi 
and w = 0. The assumption is then for x = ixi,x') G M x in a neighborhood of the origin 

/ 2 ( 0 ) = 0 ,d/ 2 ( 0 ) = 0 , > 0 ^ f 2 {xi,x') > 0 . 

Using the second-order Taylor-Young formula for/ 2 , we get/ 2 (a;) = 5 (/ 2 '( 0 )a;,a;)-|-e(x)|xp, lima;^o e(a;) = 0, 
and thus for T = (Ti, T'), |T| = 1, p 7 ^ 0 small enough, the implication Ti > 0 P 0- 
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Condition (ip) 


Consequently we have {S', {f2{0)S, S) > 0} D (S, Si > 0} and since the larger set is closed and stable by the 
symmetry with respect to the origin, we get that it contains also {S, Si < 0}, which is the result > 0. 

Remark. This claim has the following consequence: take three functions /i,/ 2 ,/ 3 , twice differentiable on 
n, such that, for 1 < j < fc < 3, fj{x) > 0 fk{x) > 0. Assume that, at some point w we have 

/i(w) = / 2 (w) = = 0, dfi^Lo) O^dfsiiv) 7 ^ 0, (i/ 2 (w) = 0. Then one has = 0. The claim 2.2.1 

gives /2 (w) > 0 and it can be applied to the couple (—/a, —/ 2 ) to get > 0 . 

Notation. The open Euclidean ball of with center 0 and radius r will be denoted by Br. For a k- 
multilinear symmetric form A on K.^, we shall note ||A|| = maxjT’i-i |AT^| which is easily seen to be 
equivalent to the norm max| 7 ’q_..._| 7 ’^l_i |A(Ti,..., Tk)\ since the symmetrized Ti® ■ ■ ■ ®Tk can be written 
a sum of powers. 

Lemma 2.2.2. Let i?o > 0 and fi, /2 be real-valued functions defined in Br„ . We assume that fi is C^, 
is and for x € Bug , 

/i(x)> 0 ^/ 2 (x)> 0 . ( 2 . 2 . 1 ) 

We define the non-negative numbers pi,p 2 , by 

pi = max(|/i( 0 )|A |/{( 0 )|), p 2 = max(|/ 2 ( 0 )| 3 , |/'(0)|5, |/^'( 0 )|), ( 2 . 2 . 2 ) 

and we assume that, with a positive Cq, 

0 < pi, P2 < Copi < Rq. (2.2.3) 


We define the non-negative numbers Ci, (72,(73, by 

Ci = l + C'o||/riL^(5^^), C'2=4+i|l/'"||z,oo(B„^), C3 = C2+47rCi. (2.2.4) 

Assume that for some K2 G [0,1], with K2C1 <1/4, 

pi = |/{(0)|>0, (2.2.5) 

max(|/2(0)|i/3, |/'( 0 )|i/ 2 ) < k 2 |/"( 0 )|, ( 2 . 2 . 6 ) 

B{ 0 , «ip2) n{x€BngJi{x)> 0 }^il). (2.2.7) 

Then we have 

|/"( 0 )_| <(73K2P2, ( 2 . 2 . 8 ) 

where f^iO)- stands for the negative part of the quadratic form /2 (0). Note that, whenever (2.2.7) is violated, 
we get i?(0, K 2 P 2 ) C (a; G BB.g,fi{x) < 0} (note that K2P2 < P2 < Ro) and thus 

distance^Q, {x G Bn.g,fi{x) > 0}) > K2P2- (2.2.9) 


Proof. We may assume that for x = {xi,x') G K x IR-^ pi = |/((0)| = ||{(0,0), § 57 ( 0 ,0) = 0, so that 

fi{x) > /i(0) + Pixi - i WfiW^ Ixp. (2.2.10) 

Moreover, from (2.2.7), we know that there exists 2 ; G B{ 0 , H2P2) such that fi{z) >0. As a consequence, we 
have 0 < ffiz) < /i( 0 ) + pizi + ^ Wfi'Woo and thus 


fi{x) > piXi - pikIp2 - ^ II//II00 {\x\^ + k^pI). 


( 2 . 2 . 11 ) 


On the other hand, we have 


f2{x) < /2(0) + /2(0)a; 




ill/; 


1*1" < > 4 i>i + '^2^21*1 + g ll/ril„ kl" + 5/?(0)X 
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and the implications, for \x\ < Rq, 

Pixi > PikIp 2 + i ll/nioo ^ fiix) > 0 ^ f 2 ix) > 0 ^ 

- lf 2 (oy < 4 pI + 4 pI\A + ^ ll/r Hoc (2.2.12) 

Let us take x = K2P2y with |?/| = 1 (note that |a;| = K2P2 < Ro)', the property (2.2.12) gives, using P2IPi < Cq, 

yi > «2(1 + ll/riloo t^o) ^ -f2i0)y^ < «2P2(4+ i ll/riloo), 

so that {y G -/^^'(O)?/^ < ^2^2(4 + 3 ll/2'lloo)} ^ {y ^ > ^2(1 + ||/"||oo C'o)} and since the 

larger set is closed and stable by symmetry with respect to the origin, we get, with 

ci = i + \\f['\\^co,c2 = ^+l\\m^, 

the implication 

y G \yi\ > K2C1 -f2io)y^ < k2P2C2. (2.2.13) 

Let us now take y G such that |yi| < K 2 Ci{< 1/4). We may assume y = yiCi 0 y 2 ^, with 61 , 62 , 

orthogonal unit vectors and 1/2 = (1 — t/i)^/^. We consider the following rotation in the (el,e'2) plane with 
60 = ^2^1 < 1/4, 


^=(-sdS) c5S))’ I(i?2/)i| = l2/icos(27reo)0y2sin(2^6o)|, 

and since cq < 1/4, 

\iRy)i\ > -\yi\ + (1 - 2/?)^^^4eo > eo(\/T5 - 1) > eo = K 2 C 1 . 

Moreover the rotation R satisfies ||i? — Id|| < 27reo = 27rK2C'i. We have, using (2.2.13) and |(i?j/)i| > K 2 C 1 , 

I 2 /I = 1, 

- f2i0)y^ = -f 2 mRyf - if!;my - Ry),y + Ry) < -f^mRyf + l/2'(0)||2/ - Ry\\y + Ry\ 

< K 2 P 2 C 2 0 2p2|y — Ry\ < H 2 P 2 C 2 0 2p22'KK2Cl. 


Eventually, for all y G we have 

~f2i^)y‘^ — K2P2(C'2 0 dTrCi) = C3K2P2- (2.2.14) 

Considering now the quadratic form Q = and its canonical decomposition Q = Q+ ~ Q-) we have, for 

all y G M'^, {Q-y,y) < K 2 P 2 C 3 \y\‘^ + {Q+y,y). Using now the canonical orthogonal projections E± on the 
positive (resp. negative) eigenspaces, we write y = E+y 0 E^y and we get that 

{Q-y,y) = {Q-E-y,E-y) < C3K2P2\E-y\'^ 0 {Q+E-y,E-y) = C3K2P2\E-y\^ < C'3K2P2|2/P, 


yielding (2.2.8). The proof of Lemma 2.2.2 is complete. □ 

Lemma 2.2.3. Let fi, f 2 , fs be real-valued functions defined in Bn^. We assume that fi, fs are C^, f 2 is 
and for x G , 1 < j < fc < 3, 

/,(a:) >0^/fc(a:) >0. (2.2.15) 

We define the non-negative numbers Pi,P 2 ,P 3 by 


Pi = max(|/i(0)|2, |/{(0)|) 
P3 = max(|/3(0)|^ |//(0)|) 


P 2 = max(|/ 2 ( 0 )| 3, 1 / 2 ( 0 )! 2 , |/ 2 '( 0 )|), 


(2.2.16) 


and we assume that, with a positive Cq, 


0<pi,p3 and p 2 < C'omin(pi,p3) < Comax(pi,p3) < i?o. 


(2.2.17) 
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We define the non-negative numbers Ci,C 2 ,C 3 , by 

Cl = 1 + Co , ||/3llioo(B^^)), 

C2=4+1 ll/rII loo(b«„) . Cs = C 2 + 47rCi. 

Assume that for some ki,K 3 G [0,1], and 0 < K2C3 < 1/2, 

i/i(o)r/^<^ii/{(o)i, 1/3(0)11/^ < «. 3 i/^(o)i, 

B{0, K2P2) n {a; G Br^ , /i (x) > 0} ^ 0, 

B(0, K2P2) n {x G BRgJsix) < 0} 7^ 0. 

THcti wc have 

max(|/ 2 ( 0 )|^/^, 1/2(0)!^/^) < P 2 < /^/■^max(|/ 2 ( 0 )|^/^ 1/2(0)^/^). 
Note that, whenever (2.2.20) or (2.2.21) is violated, we get 

B{0,kIp2) C {x G BR„,fi{x) < 0} or B{0 ,kIp2) C {x G Br^J^Ix) > 0} 

and thus 

dist{0,{x G BRg,fi{x) > 0}) > kIp 2 or dist(0,{x G BRg,f 3 {x) < 0}) > kIp 2 . 


Condition flf') 


(2.2.18) 


(2.2.19) 

( 2 . 2 . 20 ) 
( 2 . 2 . 21 ) 

( 2 . 2 . 22 ) 


(2.2.23) 


Proof. This follows almost immediately from the previous lemma and it is analogous to the remark following 
the claim 2.2.1: assuming that we have 

max(|/2(0)|i/3, |/'(0)|i/2) < R,\ff{0)\ (2.2.24) 

will yield |/2'(0)| < C 3 K 2 P 2 by applying lemma 2.2.2 (note that K 2 C 1 < < 1/4) to the couples 

(715/2) and (—/s,—72); consequently, if (2.2.24) is satisfied, we get 

max(|72(0)|^/^, 172 ( 0 ) 1 ^^^) <P2< max(|72(0)|^/^, |72(0)|^^^ C 3 K 2 P 2 ) 


and since C3K2 < 1, it yields 

max(|72(0)|i/3, |7^(0)|i/2) = p2, (2.2.25) 

which implies (2.2.22). Let us now suppose that (2.2.24) does not hold, and that we have K2|727b)| < 
max(|72(0)|^/^, |72(0)r^^)- This implies (2.2.22): 

max(|72(0)|^/3,172(0)1^/2) <p2< K^Vax(|72(0)|^/3,172(0)1^/2). 

The proof of the lemma is complete. □ 

Remark. We shall apply this lemma to a “fixed” K 2 , depending only on the constant C3 such as K 2 = 1/(2C3). 

2.3. Inequalities for symbols. In this section, we apply the results of the previous section to obtain 
various inequalities on symbols linked to our symbol q introduced in (2.1.1). Our main result is the following 
theorem. 

Theorem 2.3.1. Let q be a symbol satisfying (2.1.1-2) and 5 q,p,v as defined above in (2.1.7), (2.1.13) and 
(2.1.16). For the real numbers t',t,t'', and X G ]R2"^ define 


N{t',t",X) = 


{Soit',X)) , {So{t'',X)) 


vithXfiN vitfiXfiN' 

R{t, X) = A-^/2/x(t, Xf/^vit, X)-^/2(<lo(t, X). 


(2.3.1) 

(2.3.2) 


Then there exists a constant Cq > 1, depending only on a finite number of semi-norms of q in (2.1.1), such 
that, for t' < t < t", we have 


Cf^R{t,X) < N{t',t",X) + 


(5o(C,X)-(5o(t,X) ^ 53{t,X)-5^{t',X) 


u{t",XYN 


u{t',XYN 


(2.3.3) 
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Proof. We are given X G and t' < t < t" real numbers. 

First reductions. First of all, we may assume that, for some positive (small) k to be chosen later, we have 

{Soit',X)) and {6o{t'', X)) < Kv{t", . (2.3.4) 

In fact, otherwise, we have N{t', t", X) > k and since from (2.1.14), we have iJ,{t, X) < CK where C depends 
only on a finite number of semi-norms of q, we get from (2.3.2), (2.1.16) 

R{t,X) < C^/'^u{t,X)-^/'^{5o{t,X)) < (7^/2 < c^n^^-^N{t',t",X), 


so that we shall only need 


Cn > 


to obtain (2.3.3). Also, we may assume that, with the same positive (small) n, 

u{t,X) < K^v{t',X) and v{t, X) < K^v{t", X). 
Otherwise, we would have for instance v{t, X) > K^i^{t', X) and since t > t', 


(2.3.5) 


(2.3.6) 


>0 


< 


^1/2 -1 ({Soif, X)) + I 6oit, X) - Soit', X) I ^ 

I i^{t',xy/^ ) 


< 


C^/^n-^Nit', t", X) + 

v{t'., xy! ^ 


which implies (2.3.3) provided that (2.3.5) holds. Finally, we may also assume that 

iy{t,X) < K^qi{t,X), (2.3.7) 

otherwise we would have, using that do{t', X) < 5o{t, A") < 6o{t", AT) and the convexity of s Vl + = (s), 

Rit,X) < (^o(t",X)) 


AI/2 - AI/2 

and this implies, using v{t',X),v{t",X) < CK (see (2.1.17)), 


Ai/2 


T3(f Y'l ^ ('^o(^ ) at)) ^1/2 -1 (<^o(^") at)) 

which gives (2.3.3) provided that (2.3.5) holds. On the other hand, we may assume that 

max((5o(t, at)), K^/^|A^/^( 7'(t, AT)!^/^) < 2K/x(t, AT)^/^. 
Otherwise, we would have either 

^i{t,xy/'^ <]^K~^{5yt,x)) <]^K~^v(t,xy/‘^ ]^^(t,xy/‘^ 


(2.3.8) 


from (2.3.7) 


which is impossible, or we would have 


from (2.1.16) 

M(t,x)V2 < i«-v2|AV2,.(i,x)r/2 \n-^/Mt,xy/^^^{t,xy/^ 


< i^(t, A")^/^, (which is also impossible). 


from (2.3.7) 
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Condition (')/’) 


The estimate (2.3.8) implies that, for k < 1/16 


AW'it,X)\^ ^ ^ {5o(t,X)f + \h^/\'{t,X)\+ K\q"{t,X)\^ 

(2.1.13) (2.1.13) 

< (Ak^ Ak) fdit, X')K\q (^t,X)\'^, 

(2.3.8) 

and thus 

A\q"{t,X)\^ < qt{t,X) < -J—A\q"{t,X)\^ < 2A\q"(t, X)\^. (2.3.9) 

1 — 8 av 

This implies that 

{So{t,X)) 


R{t,X) < A-^/'^2^/'^A^/'^\q"{t,X)\ 


{{5o{t,X)y + A\q'{t,XW^i{t,X)-^) 


_ni/2 


<2^/'^\q"{t,X)\. (2.3.10) 


Rescalinp the symbols . We sum-up our situation, changing the notations so that X = 0,t' = ti,t = t 2 ,t" = 
< 3 , 1/1 = !/(<', 0), 1/2 = v{t, 0), 1/3 = v(t", 0), (5j = (5o(<j, 0), The following conditions are satisfied: 


i?(<2,0) < 2|g"(<2,0)| 


(Jl) < { 63 ) < 

{52 


1/2 < K^Vl, 1/2 < ^2 < 


< 2 |(?"(< 2 , 0 )|, 


(2.3.11) 


{ 82 ) + |g'(<2,0)|/|g"(<2,0)| 

Ak"(< 2 , 0 )P<<i 2 < 2 A|g"(< 2 , 0 )p, 

K < 1/16, Co > K■^C^/^ 

where k > 0 is to be chosen later and C depends only on a finite number of semi-norms of q. We define now 
the smooth functions /i, /2 defined on by 

h{Y)=q{t^,Y)A^/^^Ji-^'\ f2{Y) = v\'\{t2,Y), (2.3.12) 

and we note (see (2.1.1)-(2.1.15)) that ||//||iioo and ||/ 2 ^'||i^oo are bounded above by semi-norms of 9 ; moreover 
the assumption ( 2 . 2 . 1 ) holds for that couple of functions, from ( 2 . 1 . 2 ). 

Lemma 2.3.2. We define 

= max(((52), |i/y^g'(<2,0)|^/Mi/y^g"(<2,0)|). (2.3.13) 

7 /max((( 52 ), «:^/^|i/y^( 7 '(< 2 , 0 )|^/^) > 2 «:/ij 2 ^, then (2.3.3) is satisfied provided Cq > 3/k. 

Proof. We have either q”{t2,3) \ < < \k~^{52) implying 

\a'’{t Oil < 

^ - 2 it j,i /2 - 2 iCj,i /2 + 2 it j,i /2 

^1 

which gives (2.3.3) (using i?(t 2 , 0 ) < 2 |g'^(t 2 , 0 )| in (2.3.11)), provided Co > I/ac, or we have 

lT^9"(i2,0)| < /ii^^ < i^^“^/ 2 |l/l/^g'(^ 2 , 0 )|^/^ 

implying ///’ < — \ji^ so that (using i?(< 2 , 0 ) < 2 |g"(< 2 , 0 )p(( 52 )/|(?'(< 2 ,0)| in (2.3.11)), we get 

19(^2,0)1 dKi/^/ 

R{t2,0) < which gives similarly (2.3.3), provided Cq > 1/{2k). □ 

A consequence of this lemma is that we may assume 

max(((52),K^/^|i/y^g'(<2,0)y^) < 2 k/xJ^^ = 2Kmax((52), |i/y^g'(<2,0)^^, |i/y^g"(<2,0)|), 
and since k < 1/4, we get 

thi^ = (^2,0)1, max(((52),K^/^|i/l^^g'(<2,0)y^) < 2K|i/y^g"(<2,0)|. 


(2.3.14) 
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Lemma 2 . 3 . 3 . The functions /i ,/2 defined in (2.3.12) satisfy the assumptions (2.2.1-2-3-4-5-6) in the 
lemma 2.2.2. 

Proof. We have already checked (2.2.1). We know from Lemma 2.1.7 that, with a constant C depending 
only on a finite number of semi-norms of q (see (2.1.18)), 

|/i(0) = g(ti,0)Ai/Vr'^"r/' < 

but we may assume here that C < 1/2: if we had |/i(0)| > i/J^^/2, the function /i would be positive 
(resp.negative) on B{0,rovl^^), with some fixed ro > 0 and consequently we would have |(5i| > rovl^^ . But 
we know that { 6 i ) < so we can choose a priori k small enough so that |(5i| > does not occur. 

From (2.3.11), we have Idf) < , the latter implying /((O) 0 from (2.1.16) since nf < 3/4 and more 

precisely 

Pi = |/((0)| > (1 - «2)i/2^y2 > ^1/2/2, (2.3.15) 

Moreover we have, from (2.1.18) and V 2 < nfvi in (2.3.11), 

max(|j^i/^g'(t2,0)|^/^ 0)|) < 

with a constant Ci depending only on a finite number of semi-norms of q and thus 

max(|/'(0)|i/", I/"(0)1) < 2Cipi. (2.3.16) 

Moreover, we have from Lemma 2.1.7, A^/^|( 7 (t 2 ,< C 2 V 2 , so that with constants C 2 ,C '3 depending 
only on a finite number of semi-norms of q, using (2.3.8), we get 

1 / 2 ( 0 )! < v\^'^C2V2ti~^l'^P2'^ < v\l'^C-iV2 < . 

That property and (2.3.16-15) give (2.2.3) with i?o = C'Pi) where C depends only on a finite number of semi¬ 
norms of q. We have already seen that the constants occurring in (2.2.4) are bounded above by semi-norms 
of q and that (2.2.5) holds. Let us now check (2.2.6). We already know that, from (2.3.14), 

1 / 2 ( 0 )!'/" = Wl^^q'{t2,0)\^^^ < 2K^/^\iyl/\''it2,0)\ = 2K^/^\f''(0)\. (2.3.17) 

If we have \i'l^'^q{t 2 , 0)! > then for !h! < , we get, using vi < A and Taylor’s formula along 

with (2.3.13-14), 

Wl^'^q{t2,h)\ > 

2/3 

= M?2^(k'/" - ^ - C'k) > > 0, 

provided k is small enough with respect to a constant depending only on a finite number of semi-norms 
of q; that inequality implies that the ball i?(0, is included in X_|_(t 2 ) or in X_(t 2 ) implying that 

!<5o(i2,0) = > 52 ! > which is incompatible with (2.3.14), provided k < 2“^/^, since (2.3.14) implies 

!<52! < ‘2‘KPi2 ■ Eventually, we get 

!/2(0)!'/3 = !i^i'/"(7(t2,0)!i/3 < «i/6^i/2 ^ ^1/6|/"(0)| (2.3.18) 

and with (2.3.18) we obtain (2.2.6) with 

K2 = (2.3.19) 


The proof of Lemma 2.3.3 is complete. □ 


End of the proof of Theorem 2.3.1. To apply Lemma 2.2.2, we have to suppose (2.2.7). In that case we get 
= !/ 2 '( 0 )-! < CK 2 P 2 = CK^^^ny'^\q"{t 2 , 0 )\ i.e. 


\q"it2,0)-\<CK^/%"{t2,0)l 


(2.3.20) 
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Condition (')/’) 


If (2.2.7) is not satisfied, we obtain, according to (2.2.9), (2.3.19) and ^12 = 

<5o(^i,0) =^1 < 

which gives |i?(t 2 , 0 ) < |g"(t 2 , 0 )| < and (2.3.3) provided Co > If we introduce now the 

smooth functions Fi , F 2 defined on by 

F^{Y) = F2(Y) = -vy\{t2,Y), (2.3.21) 

starting over our discussion, we see that (2.3.3) is satisfied, provided 

K < Ko and Co > (2.3.22) 

where Kq, 70 are positive constants depending only on the semi-norms of q, except in the case where we have 
(2.3.20) Md 

|g"(t2,0)+| < CK^/^\q"{t2,0)\. (2.3.23) 

Naturally, since \q"{t2,0)\ = |( 7 "(t 2 7 0)-i-| + k”(f 2 ) 0 )-|) the estimates (2.3.20-23) cannot be both true for a k 
small enough with respect to a constant depending on a finite number of semi-norms of q and a non-vanishing 
q”{t2,0) (that vanishing is prevented by the penultimate line in (2.3.11)). The proof of Theorem 2.3.1 is 
complete. 

Remark 2.3.4- The reader may find our proof quite tedious, but referring him to the simpler remark following 
claim 2 . 2 . 1 , we hope that he can find there some motivation to read the details of our argument, which is 
the rather natural quantitative statement following from that remark. On the other hand. Theorem 2.3.1 is 
analogous to one of the key argument provided by N.Dencker in [D3] in which he proves, using our notations 
in the theorem, 

R{t, X) < N{t', t", X) + X) - So{t', X) (2.3.24) 

which is weaker than our (2.3.3). In particular, R (and N) looks like a symbol of order 0 (weight 1) whereas 
the right-hand-side of (2.3.24) contains the difference So{t", X) — 6o{t', X), which looks like a symbol of order 
1/2. Our theorem gives a stronger and in some sense more homogeneous version of N.Dencker’s result, which 
will lead to improvements in the remainder’s estimates. Also, we note the (inhomogeneous) estimate 


which is in fact a consequence of our proof, but is not enough to handle the remainder’s estimate below in 
our proof, and which will not be used: in fact (2.3.3) implies 




N{t'X,X) 

{So{t,X)) 


Soit",X)-6oit,X) 
KC,A)i/2(Jo(i,x)) 
^ Nit',t",X) 
^ {Soit,X)) 


at) — 6o{t', X) 

u{t’,XY/^5o{t,X)) 

1 ^ 1 
^(C,A)i/2 + v{t',XYl^ 


<N{t',t",X). 


2.4. Quasi-convexity. A differentiable function ip of one variable is said to be quasi-convex on R if ip{t) 
does not change sign from -f to — for increasing t (see [347]). In particular, a differentiable convex function 
is such that ip(t) is increasing and is thus quasi-convex. 

Definition 2.4.1. Let cti : R ^ R be an increasing function, Ci > 0 and let pi : R ^ R+. We shall say 
that Pi is quasi-convex with respect to (Ci, cti) if for ti, t 2 , ^3 G R, 

ti<t2<t3^ pi{t2) < C\ max(pi(ti),pi(t3)) -f aiits) - ai{ti). (2-4.1) 

When a I is a constant function and Ci = 1, this is the definition of quasi-convexity. 
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Lemma 2.4.2. Let ai : ^ M. be an increasing function and let lo :M. ^ IR_i_. We define 

/’iW = “ cri(^'))- (2-4.2) 

Then the function pi is quasi-convex with respect to (2,(Ti). 

Proof. We consider ti < t 2 < ta three real numbers. We have 

Piit 2 ) = + w(t") + cri(t") - CTi(t')) 

< inf (uj{t') + uj{t'') + aift") - aiits) + ai{ti) - ai{t')) + aiits) - ai{ti) 

t'Ktl jtsKt" \ J 

< (ujif) + Uj{tf) + Uj^t'^) + Uj(t”) + ai{t") - aiit'^) + ai{t'{) - ai{t')^ + ^1(^3) - CTi(ti) 

t3<‘3<‘" 

= Pi{ti) + Plits) + 0-1 (ta) - 0-1 (ti) < 2 max{pi{ti), Piits)) + aiits) - ai{ti). □ 


The following lemma is due to L.Hormander [H9]. 

Lemma 2.4.3. Let ui : R ^ ffi. 6e an increasing function and let lo : 
consider the function pi as defined in Lemma 2.4-2 and we define 


^+. Let T > 0 be given. We 


exit) = sup^^ | cti ( s ) “ ^ Pi{r)dr - pi(s)| . 


Then we have 


(2.4.3) 


(2.4.4) 


2Tdt{QT + ui) > Pi, andfor\t\<T, |0T(t)| < Pr(t)- 
Proof. We have 0T(t) > —pi{t), and 

0T(t)+ cri(t) = Pi{r)dr - piis)^pi{r)dr, 

' --V-" 

increasing with t 

so that 9t(0T + CTi) > ^pi. Moreover, from the proof of Lemma 2.4.2, we obtain for s < r < t that 
Piir) < Pi{s) + pi{t) + (71 (t) — cri(s) and thus 

^ Is - t^ I ~ 

which gives Qxit) < Pi(t), ending the proof of the lemma. □ 

Definition 2.4.4. For T > 0, X G R.^", |t| < T, we define 

ui{t,X)= a^{hX)=5^{fiX), p(t,X)= f So{s,X)A-^/^ds + 2T, (2.4.5) 

iy{t,X)P^ J_x 

where So,n are defined in (2.1.7),(2.1.16). For T > 0, {t,X) S R x R^", we define Q{t,X) by the formula 
(2.4.3) 

Q{t,X)= sup |cri(s,X) - cri(t,X) + / pi{r,X)dr - pi{s,X)\ , (2.4.6) 

-T<s<t L Js J 

where pi is defined by (2.4.2). We define also 


m(t, X) = Soit, X) + 0(t, X) + T-^6o{t, X)p{t, X). 


(2.4.7) 
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Condition (')/’) 


Theorem 2.4.5. With the notations above for Q,pi,m, with R and Cq defined in Theorem 2.3.1, we have 
for T >Q,\t\<T, X & ^ 


|0(i,X)| < p^{t,X) < \oi{t,X)\ = |<5o(i,X)|, 

C^^R{t,X) < p,it,X) < 2r^(0(t,X) + ai(t,X)), 

0 < p{t,X) < 4T, j^{Sop) > 5lK-^/\ Wx{t,X)\ < 

rim > + 


(2.4.8) 

(2.4.9) 

(2.4.10) 

(2.4.11) 


Proof. It follows immediately from the previous results: the first estimate in (2.4.8) is (2.4.4), whereas the 
second is due to pi < 2uj which follows from (2.4.2). The equality in (2.4.8) follows from Definition 2.4.4. 
The first inequality in (2.4.9) is a consequence of (2.4.2) and (2.3.3) and the second is (2.4.4). The first two 
inequalities in (2.4.10) are a consequence of |(5o(^)-^)| < which follows from definition 2.1.4. The third 
inequality reads 

^{^ov) = + SoV > Sot) = 

and the fourth inequality in (2.4.10) follows from (2.1.8). Let us check finally (2.4.11): since m = 5o + 0 + 
T~^SoVi (2.4.4) and the already proven (2.4.10) imply T^m > ^pi + (5gA“^/^ and (2.4.9)(proven) gives 

lp,+SlA-r‘ > + 

from (2.1.17) 

completing the proof of Theorem 2.4.5. □ 

3. Energy estimates 

3.1. Preliminaries. 

Definition 3.1.1. Let T > 0 be given. With m defined in (2.4.7), we define for |t| < T, 

M{t) =m{t,X)'^^^'^, (3.1.1) 

where the Wick quantization is given by the definition A. 1.1. 

Lemma 3.1.2. With T > 0 and M given above, we have with pi given in (2.4.2), for |t| < T, A > 1, 

fpm > TA,(t, A)»“ + + r-‘(«S)”‘=‘'A-‘/» 


|0(t,X)| <pi(t,X)<2 


{5oit, X)) 
n{t,X)W^' 


T-^\6o{t,XUt,X)\<4\6o{t,X)\, 
T-^\S'ox{t,X)pit,X)\+T-^\Sox{t,XWx{t,X)\ < 12 . 


(3.1.3) 

(3.1.4) 

(3.1.5) 


Proof. The derivative in (3.1.2) is taken in the distribution sense, i.e. the first inequality in (3.1.2) means 
that (A. 1.5) is satisfied with 

a{t, X) = m{t, X) - ^ J pi{s,X)ds- J So{s,Xfds. 

It follows in fact from (2.4.11). The other inequalities in (3.1.2) follow directly from (2.4.11) and the fact 
that the Wick quantization is positive (see (A.1.3)). The inequality (3.1.3) is (2.4.8) and (3.1.4) follows from 
(2.4.10) whereas (3.1.5) is a consequence of (2.1.8), (2.4.10) and Definition 2.1.4. □ 
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Lemma 3.1.3. Using the definitions above and the notation (A.1.4), we have 

0(t,-) *exp-27rr G S{{5o{t,-))v{t,-)~^/'^,T), (3.1.6) 

6o{t, •) * exp-27rr G S{{5o{t, •)),r), (3.1.7) 

5o^(t,-) *exp-27rr G S'(l,r), (3.1.8) 

T-ir 7 (i,-) *exp-27rr G S'(l,r), (3.1.9) 

*exp-27rr G (3.1.10) 


with semi-norms independent of T < 1 and oft for |t| < T. According to the definition 1.3.1, the function 
X {So{t,X)) is a T-weight. 

Proof. The last statement follows from (2.1.8). The inequalities ensuring (3.1.6—10) are then immediate 
consequences of the lemmas 3.1.2 and A. 1.3. □ 

3.2. Stationary estimates for the model cases. Let T > 0 be given and Q{t) = q{t)'^ given by (2.1.1-2). 
We define M{t) according to (3.1.1). We consider 

Re{Q{t)M{t)) = ]^Q{f)M{f) + ^M{t)Q{t) = P{t). (3.2.1) 

We have, omitting now the variable t fixed throughout all this section 3.2, 

P = Re [g"" ((5o(l -b -b g^eWickl ^ (3 2 . 2 ) 

[1]. Let us assume first that q = with (3 G < cq G S'(l,^“^r) and 

So = p. Moreover, we assume 0 < T~^r] < 4:,T~^\ri'\ < 4A“^/^, |0| < C{So)w~^^‘^. Here are 

assumed to be positive constants such that A > p, > w > 1. Then using the lemma A.1.5 with 

ai=Peo, mi = {P), 02 = {I + T~^ri)ef'^ ,m 2 = , 

we get, with obvious notations, 

(<5oeo)'^^^'^(eo-i(l + = {6o{l + + 5((<5o)--^/^ r)“ 

and as a consequence from the proposition A.1.2(2), we obtain, with 

Po=Peo, r,o = ef\l + T-^r,), (3.2.3) 

the identity (/3o“ + = ((5o(l -b -b S'(((5o)i^“^/^, T)™, entailing 

{Soil + + S{{So)iy-^/^ r)“'. 

As a result, we have 

QM = + /3»5'(A-i/2^i/2j,i/2(jjj)j,-i/2^ r)» 

-b / 3 ^ 5 '(A- 1 /r)“. 

'-V-' 

= A-l/2pl/2(5Q) 

This implies that, with 70 = 1/ sup eg > 0, (so that 1 < cq < 7 (C^) 



(3.2.4) 
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Condition (')/’) 


with 6 o G «5'(A (Jo), r). With the notation A = A we use the identity, 

A1/2^i/2^i/2^»^^^» + /3-6- + =(A1/2/3o“ + + \-^/X)-X-^Kb^, 

so that from (3.2.4), we obtain with bi real valued in 5'(A^/^/x“^/^i^“^/^A“^/x(Jo)^, T), the inequality 

V-.-^ 

A-1/2^1/2j,-1/2(5^)2 


2 RegM + 5“ > 


(3.2.5) 


Using now (A. 1.11), we get, with a “fixed” constant C, that 


5“ < C'A-i/2^i/2i/-i/2(l + /32)Wick 


CA-l/2//2:2-l/2ld+C'A-l/2//2^-l/2(^2g-2)Wick 

< CA-1/2^1/2^-1/2 y +CA-l/2^1/2^-l/2(/32)Wick^ 


and since, from the proposition A.1.2(2), we have 

(/ 32 )Wick ^ (^2)» ^ ^ ^ 

the inequality (3.2.4) implies 

2 Re gM + Id 5 '(A-i/ 2 ^i/ 2 j,-i/ 2 ^ ly-ip)™ 

> 2RegM + 6 “ > 


so that 


RegM + S'(A-i/2//2j,-i/2^r)» > - C"A-i/2^i/2j,-i/2^^ ^3 2 0 ) 


The rhs of (3.2.6) is nonnegative provided v > C'^q^ and since C'”fQ^ is a fixed constant, we may first 
suppose that this condition is satisfied; if it is not the case, we would have that ly is bounded above by a 
fixed constant and since v >1, that would imply q G S'(A“^/^yx^/^, T) and P G S'(A“^/^/x^/^, F)*". In both 
cases, we get 

RegM + 5'(A-l/V^^^^■^^^^)“’ > 0- (3-2.7) 


[2]. Let us assume now that q > 0, q G < Sq < ® positive 

fixed constant jo- Moreover, we assume 0 < T~^p < 4 ,T“^|? 7 '| < 4A“^/^, |0(7f)| < C, 0 real-valued. Here 
A, /i, V are assumed to be positive constants such that A > p. > v > 1. We start over our discussion from the 
identity (3.2.2): 


F = Re 


( \ Wick- 

Jo(i + r-i7?) + 0 j 


(3.2.8) 


We define 

Qq = ^o(l + T 


(3.2.9) 


and we note that 7 oJx^/^ < oo < 57 q 

Remark 3.2.1. We may assume that > 2.C which implies C < so that 


< ao + 0 < (57o ^ + C'7o/2)j2^/^ 


(3.2.10) 


In fact if ^1/2 < 2(7/70 we have ((5o(l + + 0)'^“'' G 5(1, r)“, Ai/2/^-i/2g e 5(1^ p) and P G 

5(A“^/^/x^/^, r)™ so that (3.2.7) holds also in that case. 

We have the identity 


( 7 ’"(Jo(l + with 


7oJx^/^ < ao < 57o 

ho I < 10 + 7g ^4-|^ < 10 + 47q 


(3.2.11) 


The Weyl symbol of (ag + 0)'^*'^^, which is 


a = (ao + 0) * 2" exp — 27rr, 


(3.2.12) 
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belongs to ^“^r)(see definition A.5.1): this follows from the lemma A.5.3 and (3.2.11) for oq * 

exp—27rr and is obvious for 0 * 2"exp—27rr which belongs to ^(Ijr). Moreover the estimates (3.2.10) 
imply that the symbol a satisfies 

< a{X) = J{ao + e){X + r)2”e-2"l^l'dr < (Syg"^ + C-iol2y^^. (3.2.13) 

As a result, the symbol b = belongs to and 1/6 G S'i(^“^/^, ^“^F): we have 

2-i/2^y2,i/4 < 1^1 < (5^-1 +C7o/2)1/^^i/4 


and moreover a' = Uq * 2” exp —27rr + 0 * 2”(exp —27rr)', so that, using 

|a'| < 10 + 47o-i + C'||2"(exp-27rr)'||^i(j,,„) =Ci, 


we get 2|6'| = |a'(Ar)|a(X) < 2^/^7 q and the derivatives of of order A: > 2 are a sum of 

terms of type 

with fci + • • • + = A:, all kj > 1, 

which can be estimated by Cv^~^ < Cv~^ since m > 1. Similarly we obtain that b~^ G 
From the lemma A.5.2, we have b'^b^ = a™ + ,r)'^ = (oq + 0)^''='^ + F)™, which means 

(oo + 0)^“=’^ = b^h^ + r“, ro G S'(:^“^/^, F), real-valued. Using that 1/6 belongs to we 

write, using again the lemma A.5.2, 

( 6 + ^ 6 -^ 0 )“ (6+ ^ 6 -^ 0 )“ = 6’"6“’ +r^ + 


which gives, 

(ao + 0)'^‘^'^ = (6 + i6-Vo)“(6 + ^6” Vo)“ + S(v-\Tr. (3.2.14) 

Note that 60 = 6 + \b~^rQ belongs to v~^T) since it is true for 6 and 6“^ro G F): we get 

then 


S(A' 


-1/4 


r) 


2Re((z“(ao + 0)^"'^) = 2b^q^b^ + 


[ 

S(A-l/2pl/2^1/2j,-l/4 r) 


-Re((7“^(:/-\F)“) 


so that 

P = 6“g“6“ -f ^(A-i/V^^ r)’". (3.2.15) 

Using now the Fefferman-Phong inequality ([FP], Theorem 18.6.8 in [H6]) for the nonnegative symbol q, we 
get b^q'^b^ = b^{q^ + T)"" > S'(A-l/V^/^^^■^/^ T)"", so that, from 

(3.2.15) we get eventually 

Re(QM) -h S'(A-l/V^^^ > 0. (3.2.16) 

3.3. Stationary estimates. Let T > 0 be given and Q{t) = q{t)'^ given by (2.1.1-2). We define M{t) 
according to (3.1.1). We consider 


Re(Q(A)M(t)) = ^Q{t)M{t) + ^M{t)Q{t) = P{t). 
We have, omitting now the variable t fixed throughout all this section 3.3, 


P = Re 


q-{6o{l + T-^v)) 


Wick 


^LP0Wick 


(3.3.1) 


(3.3.2) 
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Lemma 3.3.1. Let p be the Weyl symbol of P defined in (3.3.2) and 0 = 0* 2”exp—27rr, where 0 is 
defined in (2.4.6) (and satisfies (2.4.8)/ Then we have 

Pit, X) = poit, X) = q{t, X) (5o(l + T-^p) * 2" exp -27rr) + qft, X)Q{t, X), (3.3.3) 

modulo r). 

Proof. Using the results of section 2.1, we know that the symbol X qit, X) belongs to the class 

S{X-^/‘^pL{t, Xf’^vit, X),vit, X)-^T) 

as shown in lemma 2.1.7. In fact from (2.1.18) we know that q G and from (3.1.3) and 

Lemma A.1.3, we obtain, using Theorem 18.5.5 in [H6], 

gS0 = 9© + ^ {t ©} + r). 

This implies that Re (gfl©) G <Z0 + S'(A“^/^^^/^:^~^/^((5o), T). On the other hand, we know that 

UJ 

Re(ql [Soil+T-^p)* exp-2TTr]'^ =qco+ ^ 

|al = |/3|=2 

SO that it is enough to concentrate our attention on the “products” q"uj". We have 

((5o(l + T~^p))'' * exp —27rr G 5'(1, T) 

and since q" G S'(A“^/^^^/^, i^“^r), we get a remainder in S'(A“^/^^^/^, F), which is fine as long as (5o) > 
. However when (Jq) < cv^l"^, we know that, for a good choice of the fixed positive constant c, the 
function Sq satisfies the estimates of v~^T), since it is the F-distance function to the set of (regular) 

zeroes of the function q so that q"6'f G ^“^F) which is what we are looking for. However, 

we are left with 

q"iSop * exp —27rF)"T“^. 

Since we have iSop)" = S'fp + 2S'op' + Sop" and \5oP + 25'op'\ < CTiv~^/‘^ + A“^/^), we have only to deal 
with the term 

(5o? 7” * exp —27rF = J 5o{X)p"(Y) exp—2'KTiX — Y)dY 

= - J 6'oiY)p'iY) exp -27rF(A: - Y)dY - J SoiY)p'iY) AniX - Y) exp -27rF(A: - Y)dY. 

<TA-V2 <TA"1/2(5q) 

For future reference we summarize part of the previous discussion by the following result. 

Lemma 3.3.2. With the notations above, we have 


(^Soil + T ^77) * exp— 27 rF^ YCiSo), ^ 5 o(l + 7 ’ ^77) * exp — 27 rF^ 


<C, 


^( 5 o(l + T ^77) * exp— 27 rF^ 


< CiSo)iy 


- 1/2 


Proof. Starting over the discussion, we have already seen that the result is true whenever (Jq) ^ . More¬ 

over when (Jo) ^ we have seen that |Jo | < 72“^/^ and T~'^\p\ < 1; moreover we have already checked 
I/I < TA-1/2 T -^\ S ' op '\ < A-1/2 < j^-1/2 |Jo/' *exp- 27 rF| < A-^Z/Jq) < □ 

Eventually, using the lemma A. 1 . 3 , we get that the first integral above is in S'(rA“^/^,F) whereas the 
second belongs to S'(rA“^Z^(Jo), F). Finally, it means that, up to terms in S'(A ^/^(Jo),F), the 

operator P(t) has a Weyl symbol equal to the rhs of ( 3 . 3 . 3 ). □ 



23 


We shall use a partition of unity 1 = Xfc related to the metric u{t,X) and a sequence (f/'fc) as in 
section 1.4. We have, omitting the variable t, with po defined in (3.3.3), 

Po{x) = Y,Xk{xfq{x) J 5 o(r)(i + r-i?7(y))2"exp-2^r(x-r)dr 

k 

+ ^ Xk{Xfq{X) J 0(r)2" exp -2^r(X - Y)dY. 

k 

Using the lemma A. 1.6, we obtain, assuming Jq = (5ofc, O = Qk,q = qk onUk 

Po = ^Xkdk{Sokil + T~^p) * 2 ”exp- 27 rr) + ^Xkdk{&k * 2 ”exp- 27 rr) + ,T). 

k k (3.3.4) 

Lemma 3.3.3. lUit/i 0^ = 0^ * 2” exp —27rr, = 5ofc(l + ^“^p) * 2” exp — 27rr and qk,Xk defined above, 

we have ^ 

Xkkkdk^Xk + Xkkk^kiXk =Po + r). (3.3.5) 

k k 

Proof. We already know that \dk\ < (do), IdJ.] < 1, \d'^\ < {So)n~^/'^, so that 

liqkdkY' = q'ldk + 2g^4 + qkdl\ < {{5^1 + < A-^/^{5^1 ■ (3.3.6) 

As a consequence, we get 

X]Xfct)9fc4ttXfc = ^{xkqkdk + ^ {Xk.qkdk} + S{v-^{A-^/'^p}/'^{5Yjv'^/'^),T)^‘i),Xk 

k k 

= {xkdkdk + ^ {Xk, qkdk}) ttxfc + X! r)ttxfc 

k k 

= X! (xkqkdk + ^{Xk, 9fc4}) Xfc + ^ X! IXfe9fc4 + ^ {xfe, dfcdfc} , Xfe 

k k ^ 

+ 5(A-l/V/"(do)^^“^/^^) 

since |(xfc9fedfe)"Xfc| ^ A“^/^p^/^((do) + < (do)j^“^/^A“^/^p^/^. Using now that 

Xfett^fedfelJXfc is real-valued, we obtain 

y^Xfctt9fc4tlXfc =J2^kdkdk - y^{{Xfe,?fc4},Xfe} + S'(A"l/4^^^(do)^^“^^^^). (3.3.7) 

k k k 

We note now that, using (3.3.6), we have 

{{Xfe,gfe4} ,Xfe} = G S'(A"^/^/i^/^(do)j^^^^J^"\r). (3.3.8) 

We examine now the term 

Xkhk^k'tXk = (xfe9fc6fc)ttxfe + ^ {xfe7?fc0fc} ttXfc + >S'(j^”^A“^/^p^/^i/(do):^“^/^,r)ttxfc- 

We have 

Xfe?fc0feSXfc G XkdkQk + S{iy~^A~^/^p^/^v{do)n~^^‘^,T), 

^ {xfc, <Zfe0fc} G * + F). 

Since XfetefeQfettXfe is real-valued, we get 

XkkkQkhk = Y xhkOk + 5 '(A"^/V^^(do)^^"^^^ r). (3.3.9) 

k k 

Collecting the information (3.3.4), (3.3.7), (3.3.8) and (3.3.9) we obtain (3.3.5) and the lemma. □ 

From this lemma and the lemma 3.3.1 we obtain that 

Re(Q(t)M(t)) = y] xlidkdk + dkOk^Xk + ^(A-l/4'/ydo):/-l/^ F)“. (3.3.10) 

k 

Moreover the same arguments as above in Lemma 3.3.1 give also that 

Reiq^fd^ + 40 ^) = {qkdk + qkQkV + {6o)n-^/Yrr. 


(3.3.11) 
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Proposition 3.3.4. Let T > 0 be given and Q{t) = q{t)^ given by (2.1.1-2). We define M{t) according to 
(3.1.1). Then, with a partition of unity 1 = xl related to the metric v{t,X)~^T we have 

Re {Qit)M(t)) = ^ x))' Re(Cd))' + q'PPQ'i:)xk + (3.3.12) 

k 

and Re {Q{t)M{t)) + , T)™ > 0. (3.3.13) 


Proof. The equality (3.3.12) follows from (3.3.10-11). According to Lemma 2.1.9, we have to deal with four 
subsets of indices, E±, Eq, Eqq. The classification in Dehnition 2.1.8 shows that section 3.2.[1] takes care of 
the cases Eq and shows that, from (3.2.7), 

forfcGAo, Re{q^d^+ + >0. (3.3.14) 

Furthermore, the estimate (3.2.16) in section 3.2.[2] shows that 

ioTkeE±, Re{q^d^+q^e^) + SiA-^/^p^/^iy-^/^{6o),r)^ >0. (3.3.15) 

Moreover if fc G Eqq, the weight v is bounded above and 

q]fd^ + qfpe^ G r)-. (3.3.16) 

The equality (3.3.12) and (3.3.14-15-16) give (3.3.13). □ 

3.4. The multiplier method. 

Theorem 3.4.1. Let T > 0 be given and Q{t) = q{t)'^ given by (2.1.1-2). IFe define M{t) aeeording to 
(3.1.1). There exist Tq > 0 and cq > 0 depending only on a finite number of Xk in (2.1.1) such that, for 
0 < T < To, with D(t, X) = {5o(t, X)), (D is Lipschitz continuous with Lipschitz constant 2, as Jq in (2.1.8) 
and thus a T-weight), 

^M{t) -f 2 Re (g(t)M(t)) > T-i(i:» 2 )Wick^-i/ 2 ^^ 

Moreover we have with m defined in (2.4.7), rh{t,-) = m{t,-) * 2"exp—27rr, 

Mit) = m(t, = m(t, X)^, with m G 5'i(£>, D'^T) -f ^(l, T). (3.4.2) 

m{t, X) = apt, X)b{t, X), |a/Zl|-|-ja^ |-I-|6| bounded, Th>0, (3.4.3) 

a = So{l + T~^ri), 6 = 0. 

Proof. From the estimate (3.1.2), we get, with a positive fixed constant Cq, 
jM{t) > 

and from (3.3.13) and Lemma A.1.4 we know that, with a Hxed (nonnegative) constant Ci, 

2 Re(g(t)M(t)) -f C'i(A-^/2^^/2^-i/2^^^^)Wick > q_ 

As a result we get, if 4C'iC'oT < 1 (we shall choose Tq = 4 ^Co{Ci+i ) )’ 

^M(t) + 2Re(g(t)M(t)) > ^(A-i/ 2 // 2 ^-i/ 2 (j^))Wick^y-i(^ 2 )Wick^_i/ 2 ^ 

Using (2.1.17)( pL > v/2), this gives 

j^Mlf) + 2 Re {Q{t)M{t)) > T-iA-i/2(i + < 52 )Wick(__^_)^ 


which is the sought result. □ 
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4. From semi-classical to local estimates 

4.1. Prom semi-classical to inhomogeneous estimates. Let us consider a smooth real-valued function 
/ defined on R x R" x R", satisfiying (2.1.2) and such that, for all multi-indices a,/3, 

sup |(a“a^/)(t, X, C)|(l + = C'a/s < OO. (4.1.1) 

(£C,^)eR2n 


Using a Littlewood-Paley decomposition, we have 

= E supp(po compact, 

jeN 

for j > 1, supp</?^- C e R", 2^-1 < 1^1 < 2^+1}, sup (0|2^l“l < oo. 

i.? 

We introduce also some smooth nonnegative compactly supported functions V'i('?)i satisfying the same esti¬ 
mates than (fij and supported in 2-’“^ < |^| < 2-’+^ for j > 1, identically 1 on the support of cpj. For each 
j G N, we define the symbol 

qj(t,x,^) = f{t,x,0'il’j{0 (4-1.2) 

and we remark that (2.1.2) is satisfied for qj and the following estimates hold: \id^d^qj)\ < 

with Aj = 2-1. Note that the semi-norms of qj can be estimated from above independently of j. We can 

reformulate this by saying that 

qj G S{Aj, Aj^Tj), with rj(t, t) = -I-(note that Fj = FJ). (4.1.3) 

Lemma 4.1.1. There exists Tq > 0,co > 0, depending only on a finite number of semi-norms of f such 
that, for each j G N, we can find Dj a Tj-uniformly Lipschitz continuous function with Lipschitz constant 
2, valued in [1, ^J2Aj\, aj, bj real-valued such that 


sup 

i6N,|t|<To 

XeR2^ 


Moreover we have with mj = aj -\- bj, nijft, ■) = mjft, •) * 2" exp —27rFj, Qj{t) = qjff)'^, 


Mj{t) = mj{t,X)'^'^'^^^^'> = fhjifX)'", with fhj G Si{Dj, Dj'^Tj) + S{l,Tj), (4.1.5) 


(the Wick(Fj) quantization is defined in definition A.1.7) the estimate 


j^M,{t) + 2Re {Q,{t)M,{t)) > (4.1.6) 


aj {t, X) 


DAt,X) 


+ \\Vxa,it,X)\L+\b,it,X)\] <oo. 


(4.1.4) 


Proof. It is a straightforward consequence of Definition A.1.7 and of Theorem 3.4.1: let us check this. 
Considering the linear symplectic mapping L : {t,T) ^ (A~^^^t, A^^r), we see that the symbols qj o L 
belong uniformly to S{Aj, AJ^Fq). Applying the theorem 3.4.1 to qj o L, we find D a Fo-uniformly Lipschitz 
continuous function > 1, a, 6 real-valued such that 


sup 

3eN,|f|<To 


a{t, X) 
D{t,X) 


\\Vxa{t,X)\\^^ + \b{t,X)\ ) <oo, 


and so that, with m = a-\-b, m(t, •) = m{t, •) * 2” exp —27rFo, Q{t) = {qj{f) o L)^, 

M{t) = m{t,X)'^'^^ = m{t,XY, with m G Si{D,D-‘^Vo) + 5(1,Fq), 

^M(t) + 2Re(Q(<)M(<)) > AY'^cq. 


(4.1.7) 


(4.1.8) 
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Now we define the real-valued functions aj = a o L ^ ,bj = b o L ^, Dj = D o L ^ and we have, since 
ToiS)=T,iLS), 


Uj {t, X) 
Dj{t,X) 


+ \\\/xa,{t,X)\\^^+\b,it,X)\ 


ait,L-^X) 
D{t,L-^X) 

a(t,L-^X) 

D{t,L-^X) 


+ sup 

7’gR2n 


WJt,X)-T\ 


r,(T)i /2 


\b{t,L-^X)\ 


sup 

TGR2" 


j'it,x) ■ L-^T\ 

r,(T)V 2 
a{t,L-^X) 


D{t,L-^X) 


\bit,L-^X)\ 

i'it,X)\\^^ + \b{t,L-^X)\, 


so that (4.1.7) implies (4.1.4). Considering now rrij = aj + bj and for a metaplectic U in the fiber of the 
symplectic L (see definition A.1.7), we have 


Mj{t) = mj(t, = U{mj o L)Viick(ro)jj*_ (4 -^ 9) 


Thus we obtain 


dt 


from (4.1.9.) = 


m—TTijoL 

{qoL)^^U^q^U 


d 


o L)Wick(ro)[/*_^2Re (uU*qj{t)^U{mj o L)Wick(ro)[/*^ 
^ ^ ° + 2Re (u*qj{trUimj o L)Wick(ro)^ jj* 


idt 


from (4.1.8) > U 


^-l(^2)Wick(ro)A-l/2^0 


U* 


from (A.1.16) = T-^UU* {D^ O UU* AJ^Cq 

^y-i(^2)Wick(r,)A-i/2^0, 

which is (4.1.6), completing the proof of the lemma. □ 

We define now, with (fj given after (4.1.1), Mj in (4.1.5) 

jGN 


(4.1.10) 


Lemma 4.1.2. With Mj defined in (4.1.5) and as above, 

^ e {o\dx\^ + {o-^\der, (4.1.11) 

3 


^ e ^((o-“, {o\dx\^ + (4.1.12) 

3 

Proof. Since 'tpj = 1 on the support of (fj^ we get that, uniformly with respect to j, 

((1 - e 5((0-“. \dx\^ + {0-^\der- (4.1.13) 

Since to)- G S'(Ay^, Aj|cixp+A“^|d^P), we get that f/>jTO)- G (^)|fixp + (^)“^|c?^P), and consequently 

(fj’itpjmj G (?)|dxp + (C)"^|d?P) so that 

vMjfnjiil - tPj)f{t)i(pj G , iOldxl"^ + {0~7df\y C 5((^)“°°, |(ixp + Id^p). (4.1.14) 



27 


Moreover we have G <S'(A^- °°,Aj\dx\‘^ + C S{Aj \dx\'^ + |fi^P) so that (4.1.13) 

implies 

G 5'((0"°°, Mxp + C S'((0"“,(0Ma;p + (C)“VCP)- (4.1.15) 

As a consequence, from (4.1.14) and (4.1.15) we get, uniformly in j, that 

G S{{0~°°, {0\dx\^ + (4.1.16) 

Since depend only on the variable the support condition implies and we obtain that 

from (4.1.16) 

^ G S{{0~°°, {0\dxf + (C)”VCI^), 

i 3 

completing the proof of (4.1.11). The proof of (4.1.12) follows almost in the same way: we get as in (4.1.16) 
that 

G {0\dx\^ + 

Now with <I)j = — 'tpj)f{t), we have G \dx\'^ + and from the formula (A.5.5) we 

have also |(9“3j 4>j)(a;,^)| < C'Q/ 3 Ar 2 '’”(l + |^ — supp(pj|)“^(l + |^|), so that 

r C'a^Ar2J"2-A^-l) if 1^1 > 2^+2, 

|(a“af$,)(x,OI < < C'„^w2^"2-^-^ if 2^-2 < 1^1 < 2^-+2, 

[ C„0w2^"2-A^-i) if 1^1 < 2^-2, 

implying that Yl,j belongs to |(ix|2 + (C)~^MCP)- ^ 

Lemma 4.1.3. With F{t) = /(t,x,^)“, Ai defined in (4.1.10J, Mj in (4.1.5) 

^M{t) + 2ReiM{t)F{t)) 

= E + 2 Re(M,(t)(^,/(t))“)E7 + ^ 2 Re{^JM,{t)[<pJ, (V^,/(t))-]A-'/2) 

J ^ ' 3 

+sm-^,{o\dx\^ + {o-^\der- 

Proof. We have 

+ 2Re(M(t)F(t)) = ^ :p“M,(<)A-'/V“ + 2Re{cpJ Fit)) 

j 

= Y,vJM,it)A-^^^^J +2Re{^JA-^^^M,it)Fit)^J) +2Re{^JA-^^^M,it)[vJ,Fit)]). (4.1.17) 

3 

On the other hand, we have 

2Re(¥.-A-'/^M,(f)i^(t)(^“) =2Re(¥>“'A-'/"M,(t)(V^,/(t))“(^7)+2Re(¥>“'A-i/2M,(t)((l-^,)/(t))“’(^7) 
and since we have also 

2Re{vJA-^^^M,it)[vJ,Fit)]) 

= 2Re{^JA-^/^M,it)l^J, (V',/(t))“]) +2Re{^JA-^/^M,it)[^J, ((1 - V',)/(0)“']), 


we get the result of the lemma from Lemma 4.1.2 and (4.1.17). □ 
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Lemma 4.1.4. With the above notations, we have 

^Re((^ 7 A-i/X-w[¥>r,(^,/wr])G^((c)-\(e)M^p + (c)-vePr- (4.1.18) 

3 

Proof. The Weyl symbol of the bracket [ipf ,{'ipjf(t))'"] is ^ {iPj,'ipjfit)} + rj, Vj G S'(A“^, Aj^Tj) where 
(rj) is a confined sequence in \dx\^ + As a consequence, we have 

^(^7A-i/^M,(t)r7 G S{{£,)-\{i)\dx\^ + (C)-VePr. 

3 

With 4'j = —^ {(Pj, i/'i/(t)}(real-valued G S'(l, Aj^Fj)), we are left with Re(v 3 jjlmj(t)jJz'I'j) which 

belongs to 5'((|')"\ ($) |dxp + □ 

Definition 4.1.5. The symplectic metric T on is defined as 

T^ = {0\dx\^ + {0-^\de- (4.1.19) 

With Dj given in lemma 4.1.1, we define 

d{t,x,0 = ^P]{0'^Dj(t,x,(,). (4.1.20) 

3 


Lemma 4.1.6. The function d{t,-) is uniformly Lipschitz continuous for the metric T in the strongest 
sense, namely, there exists a positive fixed constant C such that 

C~^\d{t,x,f) - d{t,y,ri)\ < min((0^/^ - J/| + ' (4.1.21) 

Moreover it satisfies d{t,x,^) G [ 1 , 2 (^)^A]. jf jg ih^^g ^ weight for that metric T. 

Proof. Since the (pj are nonnegative with (p'j = 1, we get from Lemma 4.1.1 that 

1 = Ed S Edi’j = <i S 

3 3 3 3 

Also, we have 


d{t,x,f) -d{t,y,p) = Y^(fj{ff{Dj{t,x,0 - Dj{t,y,r])) +Y^ Dj{t,y,p){(pj{ff - (fjivf), 

3 3 

SO that, with X = (x,^),y = (y,?]), Tj given in (4.1.3), 

\dit,x,0-d{t,y,v)\<J2T3iif^^3idi-YX+ E 2 i/ 22 ^V 2 |^_^| 2 -.C' 

3 d, 

‘Pj (0^0 or ip’j (r])^0 

< E ‘d,(0"4((0i/2|:r -y\ + - v\) + I? - E 

^ Pj{€)9^0 or ipj{ri)^0 

< -y\ + +1?-r;|((?)-iA + 

We get thus, if {£,) ~ ( 77 ), 

\d{t,x,£,) - d{t,y,r])\ < {£,y^^\x - y\ + - v\- (4.1.22) 

If 2^ ~ (^) <C ( 77 ) ~ 2*0, we have 

|d(t,a:,C)-d(t,y,r7)l < E + E 

3,VjP)pO 3,Vj{v)pO 

< 27 o /2 2 * 0/2 ^ 2 * 0/2 ^ 1^ _ ^|2-* o /2 ^ (77)- i /2|77 - ^|. (4.1.23) 

Eventually, (4.1.23) and (4.1.22) give (4.1.21), completing the proof of the lemma. □ 

Note also that (f) is a T-weight and is even such that 

1(0^/" - < (^)l/2 + (^)l/2- 


(4.1.24) 
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Lemma 4.1.7. With F{t) = M defined in (4.1.10), Mj in (4.1.5), the positive constant cq 

defined in lemma 4-1.1, 

^M(t) + 2Re(M(t)i^(i))>coT-i^(^“(A-il4f)'^“"^'’^V7 + ^((e)-\T)“'. (4.1.25) 

3 

The operator Ai{t) has a Weyl symbol in the class Si{{f)~^^‘^d,d~‘^T). Moreover the selfadjoint operator 
A4 ft) satisfies, with a fixed constant C, 

M{t)M{t) < C 72 ^v?“(A-ii 42 )Wick(r,)^„_ (4.1.26) 

3 


Proof. The estimate (4.1.25) is a consequence of the lemmas 4.1.3, 4.1.4 and 4.1.1. From (4.1.10), we get 
that 

M(t) G ^ C 5l(d(0-'/^d-"T)“. 

3 

From the lemma 4.1.1 and the finite overlap of the fpj^ we get 

\\Mit)uf < ^ A-i \\pJM,it)^Ju\\^ =J2A-\pJM,pJu,y3jM,pJu) 


3 3 

^ GS(D^ rj)"^ from lemma A.1.4 ^ 


which is (4.1.26). □ 

Lemma 4.1.8. Let a be a symbol in T). Then, with constants Ci, C 2 depending on a finite number 

of semi-norms of a, we have 


Proof. We have, since Dj > 1 and the Wick quantizations are nonnegative 








2 

//- 1/2 , 


where H is the standard Sobolev space of index —1/2. Now, it is a classical result that 
{a^u,u} = { 


eS(l,T)»c£(L2) 


which implies that |(a™M,t6)| < ||w II//- 1 / 2 . n 

Theorem 4.1.9. Let f{t,x,f) be a smooth real-valued function defined on ffi. x M" x K", satisfiying (2.1.2) 
and (4.1.1). Let foft,x,f) be a smooth complex-valued function defined on]Rx]R”xM”, such that {£,)foft,x,f) 
satisfies (4.1.1). Then there exists Tq > 0,co > 0 depending on a finite number of seminorms of f,fo, such 
that, for all T < Tq and all u G C“ ((-T, 5(R”)) 


\\DtU + if{t, X, C)“w + fo{t, X, i2(Rn+i) > cqT ^ 


l4/-l/2(Rn) 


dt 


1/2 


Proof, fi) We assume first that fo = 0. Using the lemmas 4.1.7-8, we get 

2Re{DtU + if{t)^u,iM{t)u) > {cqT-^ - C2)Y,(T3 (4.1.27) 

3 
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and from the estimate (4.1.26), provided that 


co/(2C'2) > T, 


(4.1.28) 


we get 


3 




Wick(r,-)^ 


(p - u, u) 


so that, with fixed positive constants ci, C 2 , using again the lemma 4.1.8 




li/ 2 ^ ^ 

- y 


l|w(t)|| 






1/2 


which is our result. Let us check now the case /o ^ 0. 

fa) Let us assume that Im(/o) € 5'((^)“^, (^)“^T). Going back to the computation in (4.1.27), with 
(4.1.28) fulfilled, we have 

2Re{Dtu + if{t)'" + fo{t)'"u,iM{t)u) > {Aj^(pju,u) 

j 

+ 2 Re(Re(/o(t))“u, iM{t)u) + 2 Re(Im(/o(<))“u, Af (t)u). 


From the identity 2Re(Re(/o(t))“’M,iAl(t)u) = ([Re(/o(t))“,zAf(t)]u,u) and the fact that, from Theorem 
18.5.5 in [H6] we have 

[Re{fo{t)r,iM{t)] G ^((0-'/"dd-i(0-'/",T)“ = S{{0-\Tr 

we can use the lemma 4.1.8 to control this term by ipju,u). On the other hand, 

from our assumption on Im/o, we get that 

A((t)im(/o(t))“ G c sm-\Tr, 

which can be also controlled by u,u). Eventually, we obtain the result in that 

case too, for T small enough. 

fiii) We are left with the general case Im(/o) G 5'(1, (C)”^"^); note that, with 

u!o{t,x,^) = f lmfo{s,x,^)ds, (which belongs to 5'(1, (^)“^T)), (4.1.29) 

Jo 


we have 

Dt + if{tr + (Re/o(<))“ + ^(Im/o(^))“ = (e“o(t))»7^^(e-o(t))» + + (Re/o(t))- 

= (e-«W)- (a + if{tr + (Re/o(i))“) (e-““(‘))“ + + S{{i)-\ (^-^T)™. 

Noting that belongs to S')!, we compute 

= (e“o*/+^{e-°,z/})tte-“«+S((e)-\(e)-'T) 

= */+ ^ {e“°z/,e-°} + ^ {e“°,z/}e-‘> + S((e)-\ (^-^T) 

= if+^{d^o,f} + S{{i)-\{£,)-^r). 


We obtain 

L = A + if{tr + foitr = (e““«)“'(A + ifitr + (Re/o(t) + ^ {f,u;o}r) (e-“°(‘))“ 

+ sm-\{o~"rr, ( 4 . 1 . 30 ) 



31 


and analogously 

Lo = A + + (Re /o(t) + ^ {f,cuo}r + Sm-\ iO-^rr = (4.1.31) 

Using now the fact that the symbol Re/o(t) + ^ {/, wq} is real-valued in S'(l, we can use (ii) to 

prove the estimate in the theorem for the operator 

A = A+ ifitr + (Re foit) + ^ {f,cvo}r + s((o-\ (o-^rr- 

We note also that = 1-1- t^S'((^)“^, so that, for |t| small enough, 


the operators (e^‘^°)“’ are invertible in L^(R") 
and their inverses are pseudodifferential operators in S')!, 


(4.1.32) 


From the previous identity and (ii), we get for u € C^((—T,T),S(R")) 

I ||(e-“‘>(‘))“L(e-««)-u(f)||i.(K„)dt>|| J 

Applying this to 

w(t) = ((e““(‘))“)~^(t), (4.1.33) 

we obtain 

J ||(e-““(‘))“Lu(t)||i.(R„)dt >^j ||((e““(‘))“)''u(t)|!?,_v.(K„)rft. (4.1.34) 

We have 

||((e-«(‘))“)'^(t)|!^_,= ||((0-'/")“'((e“«(‘))’")“'((0'/")“((e)-'/")“^(i)lli2(«„). 

Now the operator ((^)“^/^)“((C)^^^)™ is invertible with inverse 

mt) = ((e)-^/2)’"(e“«W)“'((e)^/")“' (4.1.35) 

which is a bounded operator on L^(IR") so that 

\\v \\^2 = . (4.1.36) 

As a result, from the inequality (4.1.34), we get 

>^j ||((e)-i/2)-u(t)||i2(«„)^^dt> || J Ik(t)f^-v.(r)rft, 

which is the result. The proof of Theorem 4.1.9 is complete. □ 

Comment 4-1.10. Although Theorem 4.1.9 is providing a solvability result with loss of 3/2 derivatives for 
the evolution equation 

dt + + /o(t,a;,C)“, 

where /, /o are satisfying the assumptions of this theorem, the statement does not seem quite sufficient 
to handle operators with homogeneous symbols for two reasons. The first one is that the reduction of 
homogeneous symbols in the cotangent bundle of a manifold will lead to a model operator like the one 
above, but only at the cost of some microlocalization in the cotangent bundle. We need thus to get a 
microlocal version of our estimates. The second reason is that the function f{t, x, ^) is not a classical symbol 
in the phase space R* x M" x R,- x R^ and we have to pay attention to the discrepancy between homogeneous 
localization in the phase space R^"+^ and localization in R^” with parameter t. That difficulty should be 
taken seriously, since the loss of derivatives is strictly larger than 1; in fact, commuting a cutoff function 
with the operator will produce an error of order 0, larger than what is controlled by the estimate. In the 
next section, we prove a localized version of the theorem 4.1.9, which will be suitable for future use in the 
homogeneous framework. 



32 Condition (t/i) 

4.2. Prom semi-classical to localized inhomogeneous estimates. We begin with a modified version 
of Lemma 4.1.7, involving a microlocalization in K.^". 

Lemma 4.2.1. Let f{t,x,^) be real-valued satisfying (2.1.2) and (4.1.1); we shall note F{t) = f{t,x,f)'^. 
Let A4 be defined in (4.1.10). We define ci = cofC"^, where cg is given by lemma 4-Ll and C appears in 
(4.1.26). Let 'ip{x,f) be a real-valued symbol in 5'(1, (^)“^T). We have 

^(V'“M(t)V'“) +2Re{i;^M{t)fi^F{t))> M{t)M{t)fi'^ + T)“. (4.2.1) 

Proof. We compute, using (4.1.25) on the fourth line below, 

+2Re{fi^Mit)-fi^F{t)) 

= + fj^M{t)fi'^F{t) + F{t)fj^M{t)fi'^ 

= (m( t) + 2ReM (t)F(t)) V'™ + (t) F{t)] + [F{t ), V'"] M{t)fi^ 

> ciT-^fi^M{t)M{t)i;^ 

+ fi'"\Mit),[fi'",F{t)]j +f;^[fi^,F{t)]Mit)- , F{t)]Mit)fi'" 

= ciT-^fi^Mit)Mit)-fi^ 

+ fi^[M{t), [fi^,F{t)]] + [fi^, [fi^,F{t)]\M{t) + [^P^,Fit)] [r,M{t)\. 

Next we analyze each term on the last line. We have 

• fi^Mit), [fi^,F{t)]] G S{d{f)-^/^ld-^{f)-^/^,T)^ = SiiO-W^ since 

[v^“, F{t)] G 5(1, (0-'T)“, Mit) G SiidiO-^/fid-^rr, 

• U™, [tp^,F{t)]]M{t) G 5((^(C)■3/^T)“ c 5((C)"\T)“ since d < 2(01/2 and 

[^^“,5(0]] G sm-\{o-^Tr, M(t) G5l(d(o-'/^d-"T)-, 

. [V^“, 5(0] [0“, x(0], G S{d{Ci-^/^f)-^lH-\ T)“ = S{{Ci-\ T)“ since 

[r, F{t)] G 5(1, (0-'T)“, M(t) G 5l(d(0-'/^ d-"T)“. 

We have proven in particular that 

^(0“7W(00“) +2Re(0“’Af(00“-F’(0) = 0“(/W(0 + 2 ReM(0^’(0)0“ + 5((0”\T)™. (4.2.2) 

Also, we have ^(0“Af(0V'“) + 2Re{ip'"M.{t)'ip^F{t)) > ciT~^'ifi^M.{t)M.{t)'>p^ + 5((0~^,T)™, which is 
(4.2.1). □ 

Theorem 4.2.2. Let f{t,x,f) be a smooth real-valued function defined on R x R” x R”, satisfiying (2.1.2) 
and (4.1.1). Let fg(t,x,f) he a smooth complex-valued function defined onRxR"xR", such that (0/o(/)3^)0 
satisfies (4.1.1). We define 

L = Dt + if{t, x, 0“ + foit, X, O™. 

Let 'ip{x,f) G 5(l,(0~^Tf) be a real-valued symbol. Then there exists Tq > 0,cq > 0,C > 0, depending on 
a finite number of seminorms of f,fo,if, such that, for all T < Tg, all u G (7)?° ((—5, T); 5(R")), with cog 
given by (4.1.29), 

T||0“(e-“0“'^«IL2(R„+.)+CTi/2(^y' ||n(0||^-i/.(R„)dt) ^ +^(/ II4/)II?^-3 /.(r„) dt) ' 

>C0 iyj ll0“'w(0llff-l/2(Rn)dt^ 


(4.2.3) 
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Proof. We compute, noting F{t) = f{t,x,fY 


[(Re /o(t))"', u,u)+2 Re Ini/o(t)“'u, w) 


+ 

fi) Let us assume that Im(/o) G {£,)~^T). Then we get that 

rM{f)ri^h{tr e s{d{f)-^/^{£)-\Tr c 

and since (Re/o(t))™, G d~^,X)'“ = 5'((^)“^, T)™, the inequality (4.1.25) 

the identity (4.2.2) and lemmas 4.1.8 - 4.2.1 show that 

ll■^WV’“'w(^)lli2(Rn)d^+ yT-^y ||V’“'u(t)||^_l/2(R„)dt 

— Cj ||u(t)|j^_l/ 2 ('Rn) dt. 


As a consequence, we have 

2T J W^P^Lum L2(Rn) \\M{t)fj^u{t)\\ L2(Rn) dt FCT j |!u(t)|!^_,/2(R„)dt 

-yJ + y / IIV'“’w(t)||^_i/2(R„)dt, 

so that, with a > 0, 

T J (Ta-i||V>“Mt)||22(R„)+aT-i|lAl(t)V^“u(t)||^2(R„))dt + C'T J ||M(t)f^_,/2(R„) dt 

-yJ +y J IIV'“’w(t)||^_i/ 2 (R„)dt. 


Choosing a < ci/2 yields the result 

T^a-^y ||V'“Lu(t)||2,(j,„)Cit + C'Ty ||yt)||?,-v2(Rn)dt>| J ||V'“w(t)||^,,/2(R„) dt, 

which is a better estimate than the sought one. 

fa) Let us deal now with the general case Im(/o) G S'(l, (^)“^T). Using the definitions (4.1.29), (4.1.31) 
and the property (4.1.30), we can use (i) above to get the estimate for Lq, so that with a fixed C 2 > 0 

L2(Rn + l) (/l|w(t)||^-i/2(R„)dt) > C2 (^y ||^/’“'u(t)||^_i/2(R„)dt^ , (4.2.4) 


so that 


T (^J \\u{t 

Applying this to u{t) given by (4.1.33), we obtain 

+Ti/^ (^y ||((e-«)-) 


lH-l/ 2 (Rn) 


dt^ > C2 (^J ||V'“M(t)||^_i/2(R„) dt 


1/2 

(4.2.5) 


-1 




\ 1/2 

-l/2(Rr,)dt j 


> 


C 2 (^y ||V'“’((e““)“) v(0llff-i/2(Rn)dt^ . (4.2.6) 
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Using that ) is a pseudodifferential operator with symbol in S'(l, (^) ^T), we obtain, using the 

notation (4.1.35), 




1/2 

1/2 


>C2|^y -C*! (^y l|vWllff-3/2(Rn)dt^ , (4.2.7) 

so that, using (4.1.36), 


\ 1/2 


lL 2 (Rn) 


jdt ] 


> 02(^1 \\m-^^Trvm 

> C3 (y ii((e)-'/^)“i^“i^(oiii3(r)dty^'=C3 (^y iiV'“ii(t)ii?i-i/ 2 (R„)dy 


ii^^wr j 

1/2 


which is the result. The proof of the theorem is complete. □ 


(4.2.8) 


4.3. Prom inhomogeneous localization to homogeneous localization. In this section, we are given 
a positive integer n, and we define N = n + 1. The running point of T*(R^) will be denoted by {y,ri). We 
are also given a point {yo] rjo) € x such that 


^0 = (yo; Vo) = {to, Xo; To, ^ 0 ) G R X R" X M X R", with tq = 0, ^0 G S” \ to = 0. 


(4.3.1) 


We consider F{t,x,^) = f{t,x,^) — ifo{t,x,^), with /,/o satisfying the assumptions of Theorem 4.2.2. Let 
V'o('C) be a function supported in a conic neighborhood of ^0 and Xo(u 0 be an homogeneous localization near 
T = 0 as in the appendix A.7 with some positive tq. We consider also a classical first-order pseudodifferential 
operator R in R^ such that Yq ^ WFR. We consider the first-order operator 


We have 


C = Dt + i{F{t,x,^)'il)o{C)Xo{T, OT + R- 
L = Dt + i{F{t,x,i)il}o{OY F i[F{t,x,C)'4^o{C){xo{T,C) - l)) 


R. 


(4.3.2) 

(4.3.3) 




Let 'ipi{^) be a function supported in a conic neighborhood of ^0 and xi (u 0 be an homogeneous localization 
near r = 0 as in the appendix A.7 with some positive ri < tq and such that 


suppxi C {xo = 1}, supp(V'iXi) C {V’oXo = 1}, 
[-Ti,Ti] xKiX suppi/>ixi C (lUFi?)", 


(4.3.4) 

(4.3.5) 


where Ti > 0 and Ali is a compact neighborhood of Xq. Let ■0(a:,^) be a symbol satisfying the assumptions 
of Theorem 4.2.2 and let pi G (//“(R), such that 

suppi/; C All X {V'l = 1}, supppi C [-Ti,Ti]. (4.3.6) 

We can apply the theorem 4.2.2 to the operator L = Dt + i{F{t, x,^)tpo{^))'". We have, with u G 

1/2 


Ti i/>“(e-“«)“(/:-Pi-i?)pixr 


IL2(R>* + 1) 


CtJ (^y IIpiXi' a(0ll_fr-i/2(Rn) dt 


Fc[j\\piXiu{t)\\l -3/2(r„) dt) ' >co(^j U'^PiXiu{t)\\l -l/2(Rn) dt) 


1/2 
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We get then 

Ti||V'“(e-““rpixr>cw+V'“(e-““rpi[AxrwiL.(R„+i) 

+Ti||V^“(e-““r[Api]x>|L.(K„+,) 

+T, \\r{e-TFTpix'^MW^.r^ + Ti ||^“(e--)“h>pixr«IL^(«»..) ( 4 , 3 , 7 ) 

+cTi'/^ii((o-'/^)“pixr«iiL^(E"+i) + t^ii((e)-'/")“pixr«iu^(E»+i) 

> Co i^j IIV’“'PiX“w||^-i/ 2 (R„) . 

We assume now that u G 5(IR^), suppw C {it,x), |t| < Ti/2} and also that pi is 1 on [—STi/d,3Ti/4]. We 
introduce two admissible® metrics on 


G = + |dxp + 


\de + \dr\^ 

1 + ICP+T^ 


< g = |(itp + Idxp + 


MCI' 


|c?T 


1+|^|2 l+|^| 2 +r 2 


(4.3.8) 


(1) The operator [C,Xi] has a symbol in S')!, G) which is essentially supported in the region where |r| ~ |^|. 

(2) The quantity [L,pi]xiU = [L, pi]xi P 2 U if P 2 {t) is 1 on [—ri/2,Ti/2] and supported in [—3Ti/4, 3Ti/4] 
and thus the operator [£, pi]x“P 2 has a symbol in S((l + |^| + |t|)“°°, G). 

(3) The operator piXi is the composition of the symbol Fi G S{{^),g) with the symbol in piSxi G S')!, G) 
and thus is a priori in S{{Q,g); however, looking at the expansion, and using (4.3.4), we see that it has 
a symbol in S((l + |^| + |r|)“°°, G): it is not completely obvious though and we refer the reader to the 
lemma A.8.1 for a complete argument. 

(4) The operator ip'"Rpix'i is also the composition of an operator in S{l,g)'" with an operator in 
S((5,r),G)“ ; however, using (4.3.4-5-6) and the appendix A.8, we see that ip'" RpiXi has a 
symbol in A))! -I- |^| -|- |t|)“°°, G). 

(5) The operator {{0^)^PiXT is also the sum of an operator in S'((t, 5)®,G) plus a symbol in S'))! -I- |^| -I- 
|r|)-“,G). 


We write now, with i?i of order —00 (weight (5,r) °°) for G, Eq of order 0 (weight 1) for G, supported 
in |t| < Ti,a; G ATi, (t,^ G suppVxi, {x,^ G suppV’}, 

Tl ||■i/'“(e PlXTFu + -®0'w||^2(Rn + l) + Tl |ji?lM|j^2(Rn + l) + GTj^ ||■u||^_l/2(R„ + l) -I- G ||w||//-3/2(Rn + l) 

> Co (^y ||V'“PiX“w||ff-i/ 2 (Rn) . (4.3.9) 


Theorem 4.3.1. Let L be the pseudodifferential operator given by (4.3.2) and Fq = (j/Oi??o) be given by 
(4.3.1). We assume that {Fq} C Aq C (WFR)", where Aq is a compact-conic neighborhood o/Yq. Then, 
there exists two pseudodifferential operators $ 0 , 'I'o of order 0 (weight 1) for G, both essentially supported in 
Aq with $0 is elliptic at Yq, and there exists r > 0 such that, for all u G 5(]R^),suppM C {{t,x), |t| < r}, 

r ||4'oTM||^2(RiV) + r ^ ||^^||^f-i/ 2 (RiV) + ||'u||^-3/2(RiV) > ll‘i’o'w||^_i/ 2 (RN-) • (4.3.10) 


Proof. It is a direct consequence of (4.3.9) since, using the ellipticity of £ in the support of the symbol of 
Eq, we get Eq = K,£ -I- i? 2 , where /C is a pseudodifferential operator of order 0 such that WFJC C Aq and 
i ?2 is a pseudodifferential operator of order —00 for G. □ 

4.4. Proof of the solvability result stated in Theorem 1.2.2. Let P be a first-order pseudodifferential 
operator with principal symbol p satisfying the assumptions of Theorem 1.2.2 and let (j/O: Po) be a point in 
the cosphere bundle. If p{yo,Vo) 0, then there exists a pseudodifferential operator <I)o of order 0, elliptic 
at (j/O: Pq) such that 

l!P*«|lo + hll-i>l!'f>o«|li. (4.4.1) 

In fact, the ellipticity assumption implies that there exist a pseudodifferential operator K of order —1 and 
a pseudodifferential operator R of order 0 such that 

ld = KP* + R, {yo,po)iWFR. 

^The properties of definition 1.3.1 are classical for G and easily checked for g. One can check also that (1 + |^| + 
G-weights and (1 + |J|)® are ^--weights. 


are 
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As consequence, for $o of order 0 essentially supported close enough to (yo, rjo), we get $o = ^oKP* + $o-R 
with $o-R of order —oo, which gives (4.4.1). 

Let us assume now that p(yo,rio) = 0. We know from the assumption (1.2.1) that 9 ^_p(j/ 0 ) %) 7 ^ 0 and 
we may suppose that {d^Rep){yo,rio) ^ 0. Using the Malgrange-Weierstrass theorem, we can find a conic 
neighborhood of (yo,Vo) in which 

P{y, V) = {<^ + a(s, z, C) + ib(s, z, C))eo(y, p) 

where a,b are real-valued positively homogeneous of degree 1 , cq is homogeneous of degree 0 , elliptic near 
(yOiVo)t (s,z;cr,() G R X R.” x R x R” a choice of symplectic coordinates in r*(R'^) (N = n + 1), with 
yo = (0, 0), ? 7 o = (0,..., 0,1). Noting that the Poisson bracket 

{(j -I- a, s} = 1 

we see that there exists an homogeneous canonical transformation from a (conic) neighborhood of 

(yo, po) to a conic neighborhood of ( 0 ; 0 ,... 0 , 1 ) in R-^ x R-^ such that 

poS= (t + iq(t, X, ^)) (e o S). 

Note in particular that, setting r = ct -I- a, t = s, (which preserves the coordmate s) yields 

-drq = {t, q} = {s,b}ox = 0. 

We see now that there exists some elliptic Fourier integral operators A, B and E a pseudodifferential operator 
of order 0, elliptic at (yo, Po) such that 

AEP*B = Dt + i(f(t, X, Oxo(t, C))“ + R, 

BA = Id +S, (yo, Po) G ro( conic neighborhood of {yo,'no)) U (WFS)^, 

where / satisfies ( 2 . 1 . 2 ), i? is a pseudodifferential operator of order 0 , and xo is a nonnegative homogeneous 
localization near r = 0. Using the fact that the coordinate s is preserved by the canonical transformation, 
we can assume that A, B are local operators in the t variable, i.e. are such that 

u G C'“,suppu C {(t,x) G R X R", \t\ < r} support C {(s,^:) G R x R", |s| < r}. 

Using the fact that the operator P is polyhomogeneous, one can iterate the use of the Malgrange-Weierstrass 
theorem to reduce our case to AEP*B = £ of the type given in (4.3.2). We can apply the theorem 4.3.1, 
giving the existence of a pseudodifferential operator t|/Q of order 0, elliptic at (j/qj Po), essentially supported 
in S“^(ro) such that for all u G C'“(R'^), supprt C {|t| < r}, 

r \\'i>oAEP*Bu\\o + \\u\\_^^^ + ||m||_ 3/2 > ||$ou||_i /2 • 

We may assume that A and B are properly supported and apply the previous inequality to m = Av, whose 
support in the s variable is unchanged. We get 

r \\'1’oAEP*BAv\\q + \\Av\\_^/^ + \\M\-3/2 > ll^oAu||_i /2 , 

so that 

r \\^oAEP*v\\^ + ||u ||_,/2 + ||z;||_ 3/2 > ||<I>oAu||_ 3/2 > \moAv\\_,/^ , 

which gives, for all v G C'“(R^),suppu C {y € R'^, \y — yo\ < r}, 

r l|P*^llo + ll^'ll-i /2 + ll«ll- 3/2 > ll‘i^^ll-i /2 . (4.4.2) 

where $ = cB^qA is a pseudodifferential operator of order 0, elliptic near (yo,Po)- By compactness of the 
cosphere bundle, one gets, using (4.4.2) or (4.4.1), 

11 ^^ 11 - 1/2 < ^ E l| 4 >o.t'll-i /2 + C* IkILi < Cir \\P*v\\, + C,r^/^ ||u ||_,/2 + C-i ||u||_,, 

1 <K</ 


(4.4.3) 
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which entails, by shrinking r, the existence of ro > 0,Co > 0, such that for v G suppi; C {y G 

\y - yo\ < ro} = Bra, 

\\v\\.^/ 2 <Co\\P*v\\o- (4.4.4) 

Let s be a real number and P be an operator of order m, satisfying the assumptions of Theorem 1.2.2. Let 
Ea be a properly supported operator with symbol Then the operator Ei-m-sPEg is of first order, 

satisfies condition (ip) and from the previous discussion, there exists Co > 0, ro > 0 such that 

lkll_l/2 < C'O \\EsP*Ei_rn-sV\\o , V G C“(M^), SUpp U C Bra- 


We get, with Xr supported in Br and = 1 on Br/ 2 , with suppw C BrajA, 


XraEm+s-lXra/2u\\_^^.^ < Cq 

< Co||C,P*Ci_™_, 


Bl — m—sXroBm+s — lXra/2'^\\Q 

[xro , Bm-i-s—l]Xra /2 '^11 0 T CoWEgP E\ — ra — sEra-\-8 — l Xra/2'^ II 0 

S-oo =Id+S-“ =« 


<C'ol|.P*w||, + ||i?w||o, 


where R is of order — oo. Since we have 


Xra Bm+s — lXro /2^ — [Xro , Bm+s — l]Xra /2 ^ T Bm+s — 1 XroXra/2'^, 

^ -v- ^ ■ V ■ ^ 

S-oo =ti 


we get ||m||s+^_| < Co ||7 ’*m||5 + Ci ||m ||^^^_2 and, shrinking the support of u, we obtain the estimate 

\\u\\,+r^_.<C2\\P*u\\^, (4.4.5) 

for u G C“ with support in a neighborhood of yo- This implies the local solvability of P, with the loss of 
derivatives claimed by the theorem 1.2.2, whose proof is now complete. 


A. Appendix 


A.l. Wick quantization. We recall here some facts on the so-called Wick quantization, as used in [L4-5-6]. 


Definition A.1.1. Let Y = {y,ri) be a point in K^”. The operator Yy is defined as [2"e 

This is a rank-one orthogonal projection: Syw = {Wu){Y)tylp with {Wu){Y) = {u,TY(p) where 
ip{x) = and {Ty^jj(p){x) = (p{x — Let a be in L°°(IR^”). The Wick quantization of a 

is defined as 


^Wick 


a{Y)YYdY. 


(A.1.1) 


The following proposition is classical and easy (see e.g. section 5 in [L5]). 

Proposition A.1.2. 

1. Let a be in L°°(]R^”). Then = lT*a^lT and l^ick _ where W is the isometric mapping 

from L^(]R") to L^(IR^") given above, and the operator of multiplication by a in L^(K.^"). The operator 
tth = WW* is the orthogonal projection on a closed proper subspace H o/L^(]R^”). Moreover, we have 


^Wick 


/:(L 2 


ri) - 


(A.1.2) 


a{X) > 0 for all X implies > 0. (A.1.3) 

2. Let m be a real number,and p G S'(A’”, A“^r). Then p^^^^ = + r{p)^, with r{p) G 5'(A'"“^, A“^r) so 

that the mapping p i-^. r{p) is continuous. More precisely, one has 


r(p){X)= f f {l-9)p'\X+ 0Y)Y^e-‘^^'^^^h^dYd9. 

Jo Jr^" 


Note that r(p) = 0 if p is affine. 
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3. For a G the Weyl symbol of is 

a * 2"exp—27rr which belongs to S'(l,r) with -seminorm c{k) ||a||j;^cxj. (A.1.4) 

f. LetM. B 1 1 -^ a{t,X) G K. such that, fort < s, a{t,X) < a{s,X). Then, foru G (R*, L^(]R")), assuming 
a{t,-) G 

[ Re{Dtu{t),ia{t)'^^^^u{t))L‘^(Rr,^dt > 0. (A.1.5) 

Jr 

5. With the operator Y,y given in definition A.1.1, we have the estimate 

W^Y^zWciLHRn^) < 2"e-5r(^-^). (A.1.6) 

6. More precisely, the Weyl symbol of SySz is, as a function of the variable X G setting r(T) = |Tp 

g-f |y-Z|^g-2»77[X-F,X-Z]2ng-27r|X-^|='^ 


Since for the Weyl quantization, one has ||a“'||£(i, 2 (Rnp < 2” ||a||^i(][j 2 n) , we get the result (A.1.7) from 
(A.1.6). Note that (A.1.5) is simply a way of writing that ■^{ait)'^"^^) > 0, which is a consequence of (A.1.3) 
and of the non-decreasing assumption made on 1 a{t,X). 

Lemma A.1.3. Let M be a T-weight, i.e. a positive function such that M{X)MiY)~^ < C(l + r(A —y))^ 
(see definition 1.3.1). Then if a measurable function a defined on satisfies for all X, |a(A)| < CiM{X), 
the symbol a * exp—27rr belongs to S{M,T) with semi-norms depending only on Ci. More generally, for a 
polynomial p the symbol A defined by 


AiX) = 


a{Y)p{X - Y) exp - 27 rr(A - Y)dY 


belongs to to S{M,T). 

Proof. We check first 

(a*2"exp-27rr)('=)(A) = J a{Y)Pk{X - Y)2^ exp-2TrT{X - Y)dY (A. 1 . 8 ) 

with a polynomial Pk, which gives 

M(A)-i|(a*2"exp-27rr)('=)(A)| < Cl [ ^^\PkiX - Y)\2'^ exp-2Trr{X - Y)dY 

J M[X) 

< Cl y C(1 + r(A - Y))^\PkiX - r)|2” exp -27rr(A - Y)dY = CiCjik, N, n). 

Let us examine A^^l: it is a sum of terms of type (A.1.8) and thus the above argument works. □ 

Lemma A.1.4. Let g be an admissible metric on (see definition 1.3.1) such that, with F a given 
symplectic norm, there exists Co > 0, no > 0 such that 

yX,Y,T, gx{T)<CoT{T), < Co(l + r(A - y))”“. (A.1.9) 

Let m be a weight for g (definition 1.3.1) such that 

^<Co(i + r(z-r))”°. (A.i.io) 

m[Z) 

Then, if A G Op(S(m,g)), there exists a semi-norm 7 of the symbol of A such that 

|(Ai;,i;)| < = 7 f m(Y) \\T,yv \\‘^^2 dY. (A.1.11) 

Jr2« 
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Proof. Theorem 6.9 in [BC] shows that the space is equal to ,T) provided that is 

regular. In fact we may assume that m is regular since it is anyhow always equivalent to a regular weight. 
Using definition 7.1 in [BC], we check that g is dominated by a strongly temperate metric, namely the 
constant metric F. Moreover the corollary 6.7 and theorem 7.8 in [BC] imply 


|(Au,u)| < < 7lM|^(„l/2_g) = 7lM|^(„i/2,r) 


where {6y) is a partition of unity related to the metric F. We have, using the results of this section, (A.1.10) 
and (A.1.6), with (T)^ = 1 + F(T), for all iVi, N 2 , 

J m{Y)\\9^ufdY = JJJ miY){e^Yz,Yz,u,e^Yz,Yz,u)dYdZidZ 2 

< JJJ m{ZiY/^m{Z2Y/^ \\YzM\ \\^zA\ {Y-Zf)-^^{Z2 - Z,)-^^dYdZ,dZ2CN„N, 

< jj m{Z^Y/^m{Z 2 f/^ \\YzM\ \\^zM\ (^2 - Zi)-^^dZidZ 2 CN,,N, 

< [ m{Z)\\Yzu\f dZ, 


which completes the proof of the lemma. □ 

Lemma A.1.5. Let mi, m 2 be two T-weights (see definition 1.3.1) and 01,02 be two locally Lipschitz con¬ 
tinuous functions such that joi(A)j < mi (A), jo 2 (A)j < m 2 (A). Then the operator 

^wick^wick g ( 0 ^ 02 )"""^ + Op{S{mim 2 ,r)). (A.1.12) 


Proof. We use the definition A. 1.1 and Taylor’s formula to write 


.,Wick„Wick 


JJ oi(y)(o2(T)+^ a'2{Y + e{Z-Y))de{Z-Y)'^YYYzdYdZ = {aia2)'^^‘^'^ + R" 


with 


R{X) = JJJ^ oi(y)o^T + 6»(Z-y))(Z-y)e-tl^-^l%-2*’^[^-^’^-^l2"e-2’^l^-^l'drdZd6». (A.1.13) 
We have, using (5) in definition 1.3.1, 

|^(A)1 < ff[ mi(A)m2(r) '"^^^ dYdZd9 

JJJo m2{Y) 

< Cmi{X)m2{X) JJJ^ (1 + [A - Al2)^(l + [A - Zl2)^+i/2e-f 

= Cmi(A)m 2 (A) JJ{^ + 1^/2 + S'l2)^(l + dTdS 

= C'mi(X)m2(X). 


Moreover taking derivatives of R in its dehning formula (A.1.13) above leads to the same estimate for 
/j(fe)(A). The proof of the lemma is complete. □ 

Lemma A.1.6. Let {xk) be a partition of unity and (ipk) be a sequence as in lemma l.f.l for an admissible 
metric of type A“^(A)F, where X is a T-weight and F = F'’’. Let ui be a locally bounded function such that 
|w(A)j < M{X) where M is a T-weight. Assume that, for each k, there exist a bounded function tOk such 
that o’(A) = uJk{X) for all X G suppy^ and such that for all X G ju;fe(A)j < M(A)A(A)^“. Then with 
a;(A) = f u;(A)2" exp — 27rF(A — Y)dY, we have 

Xk{X)u{X) = Xk{X)drk{X) + rfc(A), ^ e 5(A-“, F). 

k 


(A.1.14) 
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Proof. We already know from the lemma A.1.3 that X lo{X) = f a;(F)2" exp —27rr(A — Y)dY belongs 
to S[M, r). We check now 

Xfe(W)w(A) =Xfc(A) J tc(y)2"exp-27rr(X-r)dy 

= Xk{x) J V'fc(r)w(r)2” exp-2^r(A-y)dr 

+ Xk{X) [ il-fjk{Y))io{Y)2^e^!p-2TTr{X-Y)dY 

= Xk{X) J fjk{Y)uJk{Y)2^ei^v-2TrT{X -Y)dY + rkiX). (A.1.15) 

We have r([/fc-([/*)") =mfr(T)<i<r(S)r(Afc+roA(Afc)i/2T-Afc-A(Afc)^/"2ro5) and thus r(C/fc-([/*)=) > 
A(Afc)rg. Since f/'fc is equal to 1 on Uf. (notations of section 1.4) we obtain from (A.1.15) 

ki^'HA)|r < CjMX)exp-TTr{Uk - [utf) < c,,N,roMx)x{x)-^ 
and thus ^f^rk G S{X~°°,T). We obtain 

XfcW = XkitpktOk * 2”exp-27rr) + rt = Xk{^^k * 2”exp-27rr) + Xfe(wfc(V'fe - 1) * 2”exp-27rr) + ru, 

and applying again the same reasoning to the penultimate term above, we get for Y G (UlY and X G Uk, 
that r(A — Y) > X{Xk)rQ the following estimate for the integrand 

exp -7rr(A - Y) exp -7rA(Wfc)ro x M{Y)X{Y)^’^ 

< C'M(X)A(W)^« (1 + r(A - Y))^° exp -7rr(A - Y) exp -7rA(Afc)rg 

< C'M{X)X{Xk)^Y^ + r(A - Xk))^'^ exp - |r(A - Y) exp -7rX{Xk)rl 

< C"M{X)X{Xk)^^o exp -|r(A - F) exp -TtX{Xk)rl 

< C""M(A)A(Afe)3^« exp -|r(A - Y) exp -7rX{Xk)rl 
which yields the result. □ 

Definition A. 1.7. Let L be a symplectic quadratic form on R" x R", i.e. a positive definite quadratic form 
such that r = r'^(see definition 1.3.2(2)). There exists a unique linear symplectic mapping A such that for 
all X = (x,^), r(AA) = X]i<j<n Yfj- Let U he a metaplectic transformation in the fiber of A. Then for 
a G L“(R2"), we define 

^Wick(r) ^ J a(y)2"(exp -27rr(- - Y))"dY = U{a o A)^-^!/*. (A.1.16) 

Remark A. 1.8. Note that since U is uniquely determined up to a factor of modulus one, that definition is 
consistent. We remark also that, defining for X G 4)(A) = 2" exp — 27rr(A), we have $(AA — AY) = 
2"exp—27r|A — Fp, which is the Weyl symbol of Ey (definition A.1.1). From the Segal formula, we have, 
with a metaplectic U in the fiber of A 

$(A - Z)“ = U<^(AX - Z)^U* 

and thus we can justify the equality in formula (A.1.16) since 

J a(F)2”(exp-27rr(A-F))“'dF = j a(AF)$(A - AF)“’dF 

= j aiAY)U^{AX - AY)^U* = J a[AY)UYYU*dY = U[a o A)'^'^^^U*. 

Remark A. 1.9. We can also notice that the definition above is consistent with the fact that Wick and Weyl 
quantization coincide for linear forms: if a is a linear form, we have 

aWick(r) = o = U{a o A)^U* = UU*a^UU* = a^. (A.1.17) 

Also, it is easy with the formula (A.1.16) to check that the results of section A.l on the Wick quantization 
can be extended, mutatis mutairdis, to the Wick(r) quantization. 
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A.2. Properties of some metrics. 

Proof of the remark following definition 1.3.1. Using a partition of unity related to the slowly varying 
g, as in [BL], we define M^{X) = /g 2 „ M{Y)(pYiX)\gY\^^‘^dY. It is a simple matter left to the reader to 
check that M* belongs to S{M,g) and satisfies (1.3.3). 

Lemma A.2.1. Let T be a positive definite quadratic form on such that F = and let gx = A(A)“^F 
be a metric conformal to F such that g is slowly varying and infx A(A) > 1. Then the metric g satisfies 
gx{T)<CgY{T){l + T{X-Y)), ^.e. 

ffi<C(l + F(A-y)), (A.2.1) 

implying that g is admissible. 

Proof. Since g is slowly varying, we may assume, with a positive tq, gxfY — X) > rg, which means 
F(F — X) > rQA(F) and using A(A) > 1 we get A(F)/A(A) < rff'^TfY — X). □ 

Lemma A.2.2. Let T be a positive definite quadratic form on such that F = F'^ and let gx = A(A)“^F 
be a metric conformal to F. Assume that A(A) = d{X)‘^ + Ai(A) with a function d uniformly Lipschitz 
continuous (with respect toT) and A)"^F .slowly varying with Ai > 1. Then the metric g is slowly varying. 

Proof. Let us assume that \X — Up < r^(d(A)^ + Ai(A)). If d{X)'^ < Ai(A), using the fact that A)”^F is 
slowly varying, we can choose r small enough so that Ai(A) < C'iAi(F) and thus 


A(A) < 2C'iAi(r) < 2C'iA(r). 

If > Ai(A), we have, with L standing for the Lipschitz constant of d, 

2-i/2a(A)1/2 < d{X) < d{Y) + L\X - r| < A(r)i/2 LrX{Xf/'^ 
so that, for r < ^ 8A(r). 

Remark A.2.3. It is a simple exercise left to the reader to show that (1) in Definition 1.3.1 is satisfied whenever 
there exists rg > 0, Cg > 0 such that for all X,Y,T G gx{y — A) < rg implies gxiT) < CogxiT). 
Taking this remark into account, we complete the proof of the lemma. □ 

A.3. Proof of Lemma 2.1.5 on the proper class. All norms in this proof are taken with respect to the 
constant quadratic form F, so we omit the index everywhere and denote H-Hp by | • |. Since for all j G N, 

, we get 1 < A(A) < 1 + Amaxo<i< 2 m = 1 + yA < (1 + y)A and (2.1.12). For 

0 < j < 2m, we have from the definition of A, the estimate \f^^\X)\ < ^ and for j > 2m, we can 

use 

|/«(A)| <y,A™-i =y,A-^ <y,A-^(l+y)^, 

^ / 1 / x (j~2m) 

so that / G 5'(A'", A“ F) with a j-th semi-norm less than 1 for j < 2m and less than yj(l -|- y) 2 for 
j > 2m . 

Let us now prove that A“^F is slowly varying. Let us assume that \X — Y\‘^ < r^A(A). Using Taylor’s 
formula, we get for the smallest integer N > 2m {N = — 2to]) and 0 < j < 2m, 


so that \ f^^Hx)\ < ‘a(A) 2^ -byAfA"™ '^A(A)"2' and 


2m-N N-j r 


/ ■\ V ^ 2Tn — 1 2m—7— I 2m — 7 I / 2m — N 

\f^^\X)\< Y. (A(U)^)^^(A(A)^)^-+yxA^A(A) 


N-j 






2 m-j-/ 2^r 


I 


< E ' 2 ^ A(U)^yr + F 3 —A(A)^yp 




2m — j 


2m —j T 

l\ ' 2m -' 1\ 


^ ^ N-2m , ^ 2m-j T 

-l-yx(l + y) A(A) 2 


N-i 


{N-jy. 
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Condition (')/’) 


implying 


=p(r) a polynomial in r 


, , 2m,—7 X—> 




2m — j — I r 
2m — j l\ 


. . 2m-j / r—V ^ N-2m T 

J+X{X) 3 ( ^ + . 


jv-i 




2m — j l\ 


{N-j)\r 


=e(r) goes to zero with r. 


Assuming then that j was chosen so that A(Ar) = 1 + \f^^\X)\ , we get 

X{X) < 1 + (A(y)^p(r) + A(X)^e(r)) 

so that there exist tq > 0, Cq > 1, depending only on the N hrst semi-norms of /, such that for r < tq, we 
have 

|X - yp < r^X{X) X{X) < C'oA(r), 

and thus r < tq, \X — Fp < r'^CQ^X{X) =J> C'(^^A(Ar) < A(y) < C'oA(X), which is the property (1) in 
Definition A.1.1. The property (2) in that definition is obviously satisfied since A(A') > 1. Moreover, we get 
a stronger property than (3) from the Lemma A.2.1 above in this appendix. □ 

A.4. Some a priori estimates and loss of derivatives. In this section, we prove that, at least when 
a factorization occurs, it is possible to limit the loss of derivatives to 3/2 (the loss is always counted with 
respect to the elliptic case). Let us study the model-case 

L = Dt + lAgSi, Aq g Op(S'*^), Bi s Op)^^) 

with real-valued Weyl symbols such that Aq > coA~^,Bi > 0. We compute, using the notation 

\\u\\ = ( [ , I?;| = ||?;||g, ]HI = l2(R”), |m|oo = sup|M(t)|, 

\J J t£R 

2 Ke{Lu, iBiu) = {Bi{t)u{t),u{t)) + 2 Re{AoBiu, Biu) > 2coA“^ ||iliw||^ . 

As a consequence, for suppw C [—T, T], 


2 Re(Lu, iBiu) -I- 2 Re(LM, iH{t — To)u) 

> coA-i \\Biuf + |w|L + Uo^Biuf + 2 Re{Al^^Biu, iHT,Al^\) 
> cqA"^ \\Biuf + |m|^( 1 - sup ||Ao(t)|| T) 


\t\<T 


(for T small enough) > CqA ^ |ji?in|| -j- “1^1^, 


so that Cq ^A ||Lu||^ -I- CqA ^ -I- 2 ||Lu|| lluH > cqA ^ |ji3iM||^ -I- and thus 


{c^^A + l)\\Luf+T\u\l>-\u\ 


entailing for T < 1/4, (c(/^A-|- 1) ||Lm||^ > which gives ||Lu|| A~^A ||y||^ an estimate with loss of 

3/2 derivatives. 

The next question is obviously: how do we manage to get the estimate Aq > A“^? Assuming Aq > —CA~^, 
we can always consider instead Aq -I- (C -|- 1)A“^ > A“^; now this modihes the operator L and although our 
estimate is too weak to absorb a zeroth order perturbation, it is enough to check that the energy method is 
stable by zeroth order perturbation. We consider then 


-1 


-f iAf)Bi -f 5* -f fR, Aq ^ A 


S',i?G Op(S'°). 
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Inspecting the method above, we see that S will not produce any trouble, since we shall commute it with 
Bi, producing an operator of order 0. The term produced by R are more delicate to handle: we shall have 
to deal with 

2{Ru, Biu) + 2{Ru, Htou). 

The second term is bounded and can be absorbed. There is no simple way to absorb the first term, 
which is of size HUiuH ll'uH which is too large with respect to the terms that we dominate. However we can 
consider the L^-bounded invertible operator Uit) (which is in Op(S'°) and self-adjoint) such that C/(0) = Id 
and (j{t) = —U{t)R{t) so that 

L = Dt+iR + iAoBi +S = U{t)-^DtU{t) + iHoHi -h S' 

= U{t)-^ {Dt + iAoBi + S) U{t) - U{t)-^ [iA^B^ + S, U{t)\ 

= U{t)-^ (a + iAoBi + S+ [U{t), iAoBi + S] U{t)-^'^U{t). 


Now the term [U{t),iAoBi\U{t) ^ has a real-valued principal symbol in S° and amounts to a modification 
of S, up to unimportant terms of order —1. The term [U{t), S]U{t)~^ is of order —1 and can be absorbed. 
We have proven the following lemma. 

Lemma A.4.1. Let A > 1 be given. We consider the metric G = + A~'^\d^\‘^ on'MA xMA. Letao{t,x,^) 

be in S(1,G) such that ao(t,a;,^) > 0. Let bi(t,x,^) be real-valued and in S(A, G) such that 

{bi{t,x,^) - b{s,x,^)){t- s) > 0. 

Let r{t,x,^) be a complex-valued symbol in S{1,G). Assuming that aQ,bi,rQ are continuous functions, there 
exists a constant C > 0 depending only on the semi-norms of the symbols ao,bi,ro, such that, for all 
u e G1([-T,T],L2(R")) with GT < 1, 

C I|-^'“IIl2(B" + 1) - ^ ^ l|■*^llL2(Rn + l) . 


A.5. Some lemmas on symbolic calculus. Let g be an admissible metric on K.^" and m be a (/-weight 
(see definition 1.3.1). Then, at each point X S K.^", we can define a metric by taking the geometric mean 
of gx , Px so that in particular 

gx<g^x = {At < 9x- (A.5.1) 

We define 

h{X)= sup gx{T) (A.5.2) 

95f(G = l 

and we note that whenever g'^ = \^g we get from the definition 1.3.1 that g^ = Xgg and Xg = 1/h. 

Definition A.5.1. Let I be a nonnegative integer. We define the set Si{m, g) as the set of smooth functions 
a defined on K.^" such that a satisfies the estimates of S{m, g) for derivatives of order < I, and the estimates 
of S{m,g^) for derivatives of order >1-1-1, which means 

( gx{Tf/^ AkAl, 

\a^^){X)T^\<Gkm{X)x I gi^(jYGh{xy-^ li k > I + I, with h{X) = sup gx{T). 

I 9)f(7’) = l 


Note that since h <1 and g < hg\ we get S{m,g) C Si{m,g). If (/ = X{X) ^Tx, where A(A) is positive 
(scalar) and Tx = T^, then (/^ = Tx and a belongs to Si{m, A“^r) means 


|a('=^(A)|r^ < Gfcm(A) x 


A(J^)-fe /2 if fc < /, 

A(A)-'/2 iffc>Al. 


Moreover, ii g = g'^, then for all I, S{m,g) = Si{m,g). 
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Condition (tp) 


Lemma A.5.2. Let T be a positive definite quadratic form on such that F = and X be a T-weight. 
Let b be a symbol in A“^F), where m is a real number. Then 6tt& — 5^ € S'(A^™“^,F) 

Proof. We have {b^b){X) = expiTr[Dxi, Dx 2 ]{biXi) 0 &(A2)) so that using Taylor’s formula with 

integral remainder for s e'* yields 

{b^b){X) = b{X)'^+ [ expi7T0[Dxi, Dx2]d0iTT[Dxi, Dx^MXi) (g) b{X2)\Xi=X2=x- 

JO 

Since b' G 5'(A™-i/2,F) and 

expiTt0[Dxi, Dx2]{ai{Xi) iSi a2iX2)) 

= expiTr[Dx^0-i/2, Dx20-i/2 ](ai(0-i/2Ai0i/2) 0 a2{0-^/^X20^/%x,=X2=x 

= expi7r[iAYi,£)yJ(ai(0^/2ri) (g)a2(6'^/^r2))|Yi=y2=0-i/2x 

= ((oi o 6»^/^)jJ(a2 o 0^/"^)) 

we get that, if Oj G 5'(A"‘->,F), we have Oj o 0^/^ G 5'(A™->, 6IF) so that the symbolic calculus for the metric 
0F (observe that it is admissible for 0 bounded) gives 

(ai o 0^/^)lia2 o 0^/2) g 0F) 

which implies ((oi o 0^^^)ijt{a2 o 0^/^)) o 0~^/‘^ G , F). Applying this to the integral above gives the 

result of the lemma. □ 


Lemma A. 5.3. Let T be a positive definite quadratic form on R^" such that F = F'’" and X be a T-weight. 
Let / G N, /r G R and a be a locally bounded function defined on R^" such that 

VjG{0,...,;}, |a«(A)| <CA(A)^-i 

Then the function a * exp—27rF belongs to Si{X^, A“^F). 

Proof. We use the formula (a * exp —27rF)(A) = f a(X — Y) exp —2T:T{Y)dY to obtain the estimate for the 
derivatives of order < h we get for k < I 

|(a*exp-2^F)W(A)|<CA(A)^-t J exp-27rF(r)dy 

<C'A(A)^-^ J (l + F(y))^l'"-^lexp-27rF(r)dr = C"A(A)^-^, 

and for fc > I we have (a * exp —27rF)^^) = * (exp —27rF)^^“*)) yielding immediately the result. □ 

Let us recall the composition formula in the Weyl quantization, with the symplectic form [, ] given in 
(1.3.2). We have = (attb)™ and, for X G R^", 

(at|6) (A) = 2^” [[ a(Y)b{Z) exp -4i7r[A -Y,X- Z]dYdZ 

a(Y + X)b{Z + X) exp -4i7r[y, Z]dYdZ. (A.5.3) 


(A.5.4) 


= 2 ^ 

We note also that 

(aj)6)' = a'j)6 + a'^b'. 

Moreover, if a is a function only of f, we have 
(aj)fo)(a:,C) = 2^" / a{'q)b{z,C,)e 




= 2 " 


/R 2 n 


a{ri)Kz,0(i 


-4'i7r(^—? 7 ) {x — z 


^dijdz 


2 " [ ((1 + Dy4)^a){rj)b{z, C)(l + |x - zl"^)-^ 

jR 2 n 

2" / ((1 + 44^/4)^a)(r7)(l + |^ - + Dl/4f(b{z, ^(1 + |x - z^)' 

Jr 2 " ^ 


■N 


^ — 4i7z{^ — 7]){x — z 


^dpdz 


so that with N > E(n/2) + 1 


\{4b)ix,f)\ < inaxinax |i&(^)||ioo(l + - suppa|) ^/^c(n,A). 

J<2N J<2N 


(A.5.5) 
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A.6. The Beals-Fefferman reduction. 

Lemma A.6.1. Let F : M ^ K be a function such that 

16|F(0)| <F'(0)2, ||F"||ioo(R) < 1. (A.6.1) 

We set p = |F'(0)|/4. Then there exists to € [—p/2, p/2] and e € such that 

for \t\ < p, F{t) = {t - to)e{t), 8p>e{t)>p, ||e'||icx,(R) < 1. (A. 6. 2) 


Proof. Assume first that F(0) = 0 and F'(0) = 4p. Then, for jtj < 2p, 

F{t) = te{t), 6p > e{t) > 4p - 2p = 2p, ||e'||Lcx,(R) < 1. 

Now if F(0) > 0 and F'(0) = 4p, F(—|) < p^ — f4p + ^ < 0, so that, for some to G] — p/2, 0[ we have 
F{to) = 0. Using what was done above, we have for jsj < |F'(to)|/2, 

F{s + to) = (s + to)eo(s), 3|F'(to)|/2 > eo(s) > |F'(to)|/2, ||eo||Lcx=(R) < 1. 


But since 


2 





p 

2 



we have on 


[to - which contains [-p,p], 

F{t) = {t-to)e{t), |to|<p/2, 8p > ^ > e(t) > 7p/4 > p, ||e'||ioo(R) < 1. 


□ 


Lemma A.6.2. Let F : ^ 'M. be a function such that 

26|F(0)| < ||VF(0)f, ||F"||z,oo(r.) < 1. (A.6.3) 

We set p = ||VF(0)||2“^. There exists two functions a : ^ [—5p, 5p] and e : ^ [7p, 70p], a 

set of orthonormal coordinates {xi^x') G R x R'^"^ such that for max(|a:i l.la^'l) < P, 

F{x) = {xi+a{x'))e{x), ||e'||icx,(R<i) < 1, ||a'||ioo(Rd-i) < 1. (A.6.4) 


Proof. We can choose the coordinates so that VF(0) = ^-(0)ei. Then for |a;'| < p, we have |F(0,a;')| < 
2 - 6 + 10^2 1^2 ^ ^2(25 + 2 ^ + 2 - 1 ) and 


dF 


> 


dF 

asr*'’-"' 


p = (2‘-l)p 


so that 


16|F(0,a;')| ^ 16 x 48.5 ^ ^ 




2 — 


3U 


Applying the lemma A.5.1, we get for all |a;'| < p the existence of a{x') such that, when |a;i| < 31p/4 
F{xi,x') = (xi + a{x'))e{x), |Q;(a;')| < < 5p, 70p > 8 x 33p/4 > |e(a:)| > 31p/4 > 7p. 


The implicit function theorem guarantees the regularity of the function a and the Taylor-Lagrange 
formula with integral remainder provides the regularity of e. □ 


Remark A.6.3. If the function F in the lemma A.6.2 is (7°°, since the function a is obtained by the implicit 
function theorem, and e by Taylor’s formula with integral remainder, both function a, e are C°°. Moreover, 
the identity F{—a{x'),x') = 0 implies that 

\a^^Kx')\<CkP^-\ |eW(x')| 

where Ck are semi-norms of the function F in max(|a;i|, jx'j) < p. In particular, if we apply this result to 
the function (2.1.21) 

F{T) = Ai/2g(t, Y -h v{t, Y)F^T)p{t, Y)-F'^„(t, Y)-^ 

we get that is bounded above by 7 fc(g) and 1/2 < p < 7i(<z) as defined in (2.1.1). We get then from 

the lemma A.6.2 

k^/\{t, Y + v{t, Y)F^T)p(t, Y)-F^v{t, Y)-^ = eo(T)(ri + aolT')) 
so that Co, ao are smooth with fixed bounds and thus 

Ai/2g(t, X)pit, T)-i/ 2 = eo((X - Y),yit, Y)-F^),y{t, Yf'^ (Ai - Ti + ao {{X' - Y')v{t, Y)-F^)v{^t, YflA^ 
which corresponds exactly to (2.1.22-23-24). 
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A.7. On tensor products of homogeneous functions. Let n > 1 be an integer and N = n + 1. Let 

iyo',Vo) G X such that 

(yoim) = ito,xo]To,^o) G K X M” X R X M”, with tq = 0, G 


Let r e]0,1/4] be given. There exists a function xo G [0,1]) such that for A > 1 and 77 S with 

\v\ > Ij we have Xoi^v) = Xoiv) (“homogeneity of degree zero outside the unit ball”) and 


J 1 if > 1 and |t| < r\^\, 

i 0 if < 1/4 or |t| > 2r|5|. 


There exists a function ipo G (^“(IR"; [0,1]) such that for A > 1 and ^ G R." with |^| > 1, we have 
V'o(AC) = V'o(C) and, 


V'o(C) 


1 if 151 > 1 and I ill - Col < r, 

0 if Id < 1/2 or |j|y-Col > 2r . 


We define the function $0 by 

^’o(tC) = Xo('r,C)do(C)- 

Lemma A.7.1. The function <i)o is such that for A > 1 and rj G R'^ with \ri\ > 2, we have ^o{Xr]) 
Moreover, with rjo = (0,Co)> we have 


(A.7.1) 
= 4*0 (?7). 


^o(?7) 


1 for Iryl > 2 and 



<r/2, 


^o(?7) 


0 for \ri\ > 2 and 



> 4r. 


Proof. The function <I)o is such that for A > 1 and 77 G R^ with I 77 I > 2, we have <i>o(A 77 ) = $ 0 ( 77 ): in fact, if 
+ ICP > 4 and |r| < 2r|C|, we get |CP > 4(1 + 4r^)“^ > 1 , so that tpoiXf) = 7/o(C) and since we have also 
in that case xo{Xr]) = Xoiv), we get the sought property. Now if + |CP > 4 and |t| > 2r|C|, we see that 
Xo(At, AC) = xo(t, C) = 0 so that, ^o{Xri) = 0 = $ 0 ( 77 ). Moreover, if + |CP > 4 and 


r^ + ICP 


+ 


c 


(t 2 + |C|2)l/2 


- Co 


< 7-V4, 


we get that |r| < r|C|(4 — r^) < r|C| and thus Xo(tC) = 1; also this implies |C| > 2(1 + r^) > 1 , so 

that 7/)o(C) = V'o(C/iCI)- We have then 


I 

ICI 



r 

< - 

- 2 


ICI 


c 


(t 2 + |CP) 1 /" 


r 

< - 

- 2 




which implies ipo{f) = 7/o(C/ICI) = !> so that <I)o is equal to 1 on a conic neighborhood of (0, Co) in R^ minus 
a ball. Similarly, if + |CP > 4 and 


r^ + ICP 


+ 


c 


(t 2 + ICId^/" 


-Co 


> 16r^, 


either |t| > 2r|C| and Xo('r)C) = Oj entailing = 0 or |r| < 2r|C| and then 

and ICI > 2(1 + 4r^)“^/^ > 1 so that 7/)o(C) = V'o(C/ICI)- In this case, we have 



> 12r2 


1 . 

ICI 


Co 


> 2^/3r- 


1 

ICI 


c 

(t 2 + |C|2)1/" 


> 2 v^r- 



> 2'\/3r — 4r^ > 2r, 


implying ipoif) = 0 and thus 4 * 0 (r,C) = 0 . Eventually, we have proven that 4>o is also supported in a conic 
neighborhood of (0,Co) in R'^. □ 


A.8. Composition of symbols. 
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Lemma A.8.1. Let G,g be the metrics on defined in (4.3.8) and let si,S 2 be two real numbers. Let 
a be a symbol in and b be a symbol in ,G) such that supp6 C Zc = {{t,x,T,^) G 

|t| < 1 + C|^|}. Then the symbols oj)6, 5t|a, a o 6, 5 o a belong to S'((^, G) and are essentially 

supported in Zc, i.e. are the sum of a symbol of S'((^, r)®^’*'®^, G) supported in Zq and of a symbol in 
si{^,T)-°°,G) = nNSi{^,T)-^,G). 

Proof. We have 

{ao b){t,x,T,^) = j + g)b{t + s,x + y,T,^)d.sd(jdydg, (A.8.1) 

so that, using the standard expansion of the symbols and the fact that b is supported in Zc, 


a o t 






eS((r,C) 


l-|c| 


G) 


+ 


/ e D'f.^^a{t, x,T -\- Oa,^ + 9g)df^^b{t + s,x + y,T, ^)dsdadydgd9. 

Jo ~ 1)- 


We define 

leiT, 0 = J x,t + 9a, ^ + 9fi)df J){t + s,x P y,T, ^)dsdadydg (A.8.2) 

and integrating by parts, we obtain for all nonnegative even integers m that 

h{T,0= J e-^^^^^^+y^\a)-'^{Dsr{s)-^{D,r{y)-'^{D,,r{p)-'^{Dyr 

D'f ^a{t, x,T P 9a, ^ + 9g)dfJ){t + s,x + y,T, ffidsdadydg, 


and consequently 


+ \^ + 9g\y^-''d.sdadydg{l + |^| + |r|)^n(|r| < |C|). 


In the integrand, when \p\ < |^|/2, we get, since 9 G [0,1], + 9g\ > |^| — \p\ > |^|/2. As a result, we get for 

this part of the integral the estimate 

(1 + |ei)'^^'""(l + ICI + k|)*^l(|T| < 1^1) < (1 + 1^1 + |r|)-"/2^ for large enough. 

When \g\ > |^|/2, we use the term {g)~^ and the estimate 

(1 + |^|)-"^/"(l + 1^1 + |r|)®n(|r| < 1^1) < (1 + lei + |T|)-'"/^ for m large enough. 


To check that the derivatives of Lg will satisfy the expected estimates, we differentiate the expression (A.8.2) 
and repeat the previous proof. We know now that, for all v > Nq 

aob=Y^ df‘^^b + r,,, r„ G ,G). 

\a\<i> 

Using the standard Borel argument, we find c G S'((r, ^)®i+®^, G), essentially supported in Zc such that, for 
all ly 

|Q|<t' 


entailing that, for all v > Nq, 

aob — c = —c 


|Q:|<I/ 


G), 
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implying that aob — c G S{{t, °°,G), which gives the result of the lemma for aob. To get the result for 

bo a is somewhat easier by looking at (A.8.2), to obtain the estimate 

Mr, 0\<J + le + 0v\ + |r + eair-'lQT + 0rj\ < |C + da\) 

dsdadydri{l + 

When |r| < |^| the discussion is the same as for aob. When |t| |^|, we split the integral in two parts: 

the region where |cr| < |t|/2, in which we get negative powers of (1 + |r|) from the term with the exponent 
S 2 — V, and the region where |cr| > |t|/2 in which we use the term (cr)”™. The last part of the discussion 
is the same. To obtain the result for ajj,b (which will give also b^a since at|5 = bf,d), we use the group 
J‘ = exp2iTrtDocD^ and the formula ajl6 = o J^Gb^ Using the assumptions of the lemma, we 

see that satisfies the same hypothesis as a and J^^^b is essentially supported in Zq- The proofs above 

give thus that o satisfies the conclusion of the lemma, which is “stable” by the action of 

The proof of the lemma A.8.1 is complete. □ 
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